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Half-lives and thick target yields have been measured for some of the radioactive product 
reactions accessible with 9 Mev alpha-particles accelerated in a cyclotron. The radioactive 
isotopes are F!7, P3°, Fe8(?), Mn**, Cu®l, Cu®, Ga®*, Ga®’, Br78, Rb*, 


Rb*. The complete data are given in Table II. 


1. INTRODUCTION 


HIS paper is a report of a preliminary 

survey of the radioactivity produced by 
alpha-particles in some of the lighter elements. 
The alpha-particles employed in the activation 
were accelerated in a cyclotron, and the available 
bombardment time was in consequence limited 
to a few hours. No attempt was made to seek 
short-lived radioelements, even in cases where 
they are known to be formed (e.g., sodium). It 
may be said, then, that no radioelement of half- 
life less than one minute nor more than one day 
would have been found in the present investiga- 
tion, unless the reaction producing it were 
exceptionally probable. In point of fact, no 
radioelement of half-life outside these limits was 
found. In several cases (see Section 6), weak 
activities were found but have not yet been 
investigated further. 

In all cases where a strong activity was found, 
an effort has been made to measure the half-life 
as well as the available intensity will allow, to 
assign the activity to the proper isotope by com- 
parison with existing data and by chemical 
experiments, to measure the thick target yield 


*Now at Purdue University, West Lafayette, Indiana. 


of the reaction producing the radioelement, and, 
in three cases, to obtain an estimate of the energy 
of the emitted beta-particles by a measurement 
of their absorption in aluminium. The sign of the 
beta-particles has also been determined in most 
instances, by reversal of a magnetic field situated 
between the active source and a thin walled 
Geiger-Mueller counter. 


2. THe ALPHA-PARTICLE BEAM PRODUCED 
BY THE CYCLOTRON 


The distribution in energy of the alpha- 
particles emerging from the cyclotron used in the 
present work has been measured by the inter- 
position of mica absorbing foils in the path of the 
beam. The measurement is described in an ac- 
companying paper.' The total inhomogeneity of 
the beam amounts to about 1 Mev, the mean 
range of the particles corresponding to an energy 
of 9.0 Mev. In all the work reported here, save 
for a few of the earlier half-life measurements, 
the full energy of the beam has been employed ; 
targets have been bombarded in a chamber 
which communicates directly with the main 


1M. C. Henderson, and White, Phys. Rev. To be 
published soon. 
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Fic. 1. Position of beam on target. a. Rocksalt sample bombarded for about one minute. Blackened area shows the 
location of the greater part of the beam. 6. Record obtained on a piece of film cut roughly to size and shape of target 
wrapped in 0.001 inch Al foil, placed in target holder and exposed to alpha-particle beam for about 1/20 second. Sensitivity 
is greater here than in case of rocksalt; note that traces of beam appear above the rectangular area blackened on the salt, 
c. Film exposed to beam in the same fashion as b; exposure time about 2 minutes. Traces of beam now appear below main 


spot. Note reversal in center, where beam is strongest. 


vacuum tank of the cyclotron through a one-inch 
brass gate valve. The gate valve has been made 
vacuum tight by the replacement of its packing 
with sylphon bellows, and when the space 
between the gates is exhausted with a Hyvac 
pump, the pressure in the cyclotron vacuum tank 
can be maintained at 2X10-° mm Hg while the 
target chamber is opened to the air for the 
insertion or removal of a target. 

The beam currents measured by a Faraday 
cage inside the gate valve are of the order of 0.04 
microamperes; however, the beam is consider- 
ably wider than one inch in a horizontal direc- 
tion, so that the currents measured by using the 
target itself as a Faraday collector ranged be- 
tween 0.01 and 0.02 microamperes, the rest of the 
ion beam having been intercepted by the gate 
valve. At the target, the bean measures about 1.2 
cm vertically by 2 cm horizontally. The standard 
targets used in the yield measurements were 
round, and 3.7 cm in diameter. The position of 
the active area on the target is shown in Fig. 1. 

It is reasonable to inquire whether the 
measured beam current may not be partly due to 
secondary electron emission from the target, 
since the target was simply a flat surface, without 
any shields to trap secondary electrons. It seems 
unlikely that secondary emission would play an 
important role, since the maximum energy which 
may be imparted to an electron by an alpha- 
particle of energy 8.8 Mev is 5100 volts. The 
weakest magnetic field anywhere on the surface 
of the target was 3500 gauss, in which the radius 
of curvature of a 5100-volt electron is 0.45 mm. 
Tests were conducted in which the yield of the 


reaction Co**(a, 7) Cu"? was measured (a) for a 
Co target in the position shown in Fig. 1 relative 
to the beam, and (5) for a Co target moved away 
from the gate valve far enough so that the beam 
overlapped the inner edge of the target by about 
2 mm, due to the curvature of the alpha-particle 
beam in the stray field of the cyclotron magnet. 
If secondary emission is important at any time, 
its influence should be much greater in case (0) 
than in (a), resulting in the measured yield of the 
reaction being smaller in (6) than in (a). It was 
found that the yield in case (6) was only 6.5 
percent smaller than that in case (a), so that 
one is presumably justified in assuming that the 
errors introduced by taking the measured beam 
currents to represent true ion currents to the 
target are much smaller than those arising from 


other causes (cf. Section 4). 


3. HALF-LIFE AND ABSORPTION 
MEASUREMENTS 


In all cases except that of Cr bombarded with 
alpha-particles, the half-lives given in this paper 
have been measured with a Lauritsen type elec- 
troscope provided with a window of aluminium 
0.001 inch thick. Indeed, measurability with the 
electroscope has been the criterion serving to 
differentiate those activities selected for study 
from the others which are briefly noted in Section 
6. The window of the electroscope is 3.8 cm 
square, while the active area on the targets, as 
already noted, is 1.2 cmX2 cm (Fig. 1). The 
electroscope has been used window uppermost 
for the half-life and yield measurements, and the 
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target laid, active side down, in a standard 
ition on the window. 

For the beta-ray absorption measurements, 
the electroscope was used with the window 
down; the target, active side up, was placed so 
that its active area was in the middle of the 
window. The distance from target to window was 
about 1 cm. The square Al absorbers used were 
5.3 cm on a side, and were simply laid centrally 
over the target. 


4. MEASUREMENT OF THE THICK 
TARGET YIELDS 


In the case of some of the stronger activities, 
the yield of the reaction producing the radio- 
element has been measured. To be accurate, such 
a measurement demands a knowledge not only 
of the total number of alpha-particles which have 
struck the target, but also of the time-distribu- 
tion of the beam current. If the activation of 
samples be conducted with a naturally radio- 
active alpha-particle source, the number of par- 
ticles striking the target each second decreases 
with the decay of the source in a known manner, 
and the correction for this effect can be easily 
computed from one measurement of the intensity 
of the source and a knowledge of its half-life. In 
our experiments, on the other hand, the fluctu- 
ations (as much as half-full beam) in ion current 
due to the ‘‘tuning”’ of the cyclotron were some- 
what erratic and not negligible. Since particles 
which strike the target late in the bombardment 
have more influence on the radioactivity meas- 
ured at the close of the irradiation than do those 
striking the target at the beginning, it is plain 
that some means of registering the beam current 
as a function of time is demanded. 

A reflecting galvanometer was accordingly 
arranged to record the beam current on positive 
motion picture film. Timing marks about 10 
inches apart were put on the film each minute, 
and at the close of every other run a standard 
deflection, produced by a measured voltage 
through a known resistance, was recorded on the 
film. After the film had been developed the area 
between the zero line and the galvanometer trace 
was cut out with shears, cut into lengths short 
compared with the half-life of the radioelement 
concerned, and the weight of each piece deter- 


mined. The calibration records were also cut out 
and weighed, so that each gram of beam record 
corresponded to a known number of micro- 
coulombs of doubly charged He ions striking the 
target. The charge to which each piece of the 
film record corresponded was multiplied by a 
fraction which took account of the decay occur- 
ring in the activity of the target during the 
interval between the average time represented 
by that particular part of the film record and the 
“zero time’ at which bombardment was stopped. 
The sum of the corrected weights of the pieces 
of the film record then provides a measure of the 
effective number of alpha-particles which struck 
the target; the observed radioactivity would 
have been produced by the effective number of 
alpha-particles striking the target all at once at 
zero time. 

While this procedure is somewhat complicated, 
it is believed that no errors comparable with 
those introduced by other causes have resulted 
from it. The five calibrations which were made, 
for example, agreed among themselves to better 
than 5 percent, demonstrating that the accuracy 
with which the films were cut out was good 
enough for the present purpose. The chief uncer- 
tainty in the relative values of the yields for 
different elements probably arises from our lack 
of knowledge as to the reflecting power of the 
body of any given target for electrons which are 
emitted from the thin active layer on its surface 
in such directions that they would not enter the 
electroscope without having been reflected. This 
uncertainty, of course, enters also into the deter- 
minations of absolute yields, where the addi- 
tional uncertainty of the calibration of the 
electroscope in beta-particles per division exists. 

The activity of the various targets bombarded 
for yield determination has always been referred 
to zero time—the time at which bombardment 
was stopped—by graphical projection back to 
zero time of the measured decay curve. Since the 
measurements of the activity of a target com- 
menced not later than 2 minutes after the cessa- 
tion of bombardment, any errors introduced by 
this extrapolation are not regarded as serious. 

The calibration of the electroscope in beta- 
particles per division was carried out with a 
source consisting of 124 mg of powdered uranyl 
nitrate arranged over an area of the size and 
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shape of the active area on the targets (Fig. 1, a), 
on a piece of 0.002 inch Al foil cut out to the 
standard target size. The beta-particles entering 
the electroscope must have penetrated a mini- 
mum of 0.003 inches of Al, which is sufficient to 
stop completely the beta-particles from UX1, so 
that the ionization in the electroscope is entirely 
due to the beta-particles from UX2. 

When the correction for absorption of the 
beta-particles has been made, one finds that the 
124 mg of uranyl nitrate is equivalent to 42 mg 
of uranium element; i.e., 500 disintegrations per 
second. This produces a drift of 2.22 divisions per 
minute in the electroscope, so that the number 
of disintegrations necessary to produce one 
division deflection of the electroscope is 1.35 X 10*. 

To check the effect of beta-particle reflection, 
a cobalt target of standard form and superficial 
mass 1.4 g/cm? was laid over the urany] nitrate 
source without otherwise disturbing it. The drift 
of the electroscope increased to 2.62 divi- 
sions/minute. This 18 percent increase in the 
rate of drift may be assumed to be typical of the 
effects caused by beta-particle reflection from 
the body of the target in the cases where this 
result is most pronounced. 

The calculation of absolute yields in Table II 
is carried out on the assumption that the 
ionization per beta-particle in the active volume 
of the electroscope is independent of the energy 
spectrum of the radioelement emitting the beta- 
particles. This is, of course, not the case, but a 
correction for the absorption and_ specific 
ionization of the beta-particles would be ex- 
tremely uncertain; none has been attempted. 

The sources of error in the yield measurements 
are listed below, together with an estimate of the 
percentage error which may, at worst, be due to 
each. 


5 percent 


1. Secondary emission from target 
5 percent 


2. Errors in measuring film 
3. Errors in extrapolation of activity back to 


zero time 3 percent 
4. Reflection of beta-particles from body of 
target 25 percent 


5. Error due to assumption that a given 
ionization corresponds always to the 


same number of beta-particles 20 percent 


Taking into account all of the possible sources 
of error, it seems safe to say that the yield 


values may be relied on to an accuracy of about 
50 percent; which, considering that the radio- 
activity is produced in a thick target by an 
inhomogeneous beam, is perhaps as accurate a 
value as is required. These measurements are 
intended chiefly to serve as a guide to future 
experiments. 


5. ELEMENTS IN Wuicu Activity HAs 
BEEN STUDIED 


a. Boron 


This element is one of those (B, Mg, Al) in 
which the phenomenon of artificial radioactivity 
was discovered.? It has since been investigated 
by several workers.’ The radioelement produced 
in boron is N", according to the reaction 
B!°(a, n)N8. This radioelement is also produced 
in the bombardment of C with protons and 
deuterons.‘ The half-life values obtained in the 
present work clustered about the accepted 
value’ of 10.3 minutes. The yield has been 


measured (Table II). 


b. Nitrogen 

The reaction N'(a, )F!? has been known for 
some time.® In the present work, the half-life was 
measured in samples collected by recoil on a Pt 
or Ta sheet bombarded in air. The values ob- 
tained fluctuated between 62 and 69 seconds, 
the average of six measurements being 64+6 
seconds. It was thought that perhaps the active 
F'’ was escaping from the metal foil on which it 
had been collected, resulting in a lower value of 
the half-life, so that samples were measured 
alternately outside the electroscope and inside 
the ionization chamber of the electroscope itself. 
No trend in the values of the half-life so obtained 


? Curie and Joliot, Comptes rendus 198, 254 (1934). 

* Curie and Joliot, J. de phys. (7) 5, 153 (1934) ; Comptes 
rendus 198, 559 (1934); Int. Conf. Phys. London I, 78 
(1934); Comptes rendus 200, 2089 (1934); Alichanew, 
Alichanian, and Dzelepow, Zeits. f. Physik 93, 350 (1935); 
Ellis and W. J. Henderson, Proc. Roy. Soc. A146, 206 
(1934); Fahlenbrach, Zeits. f. Physik 94, 607 (1935); 
Meye, Zeits. f. Physik 105, 232 (1937). 

4 Cockcroft, Gilbert, and Walton, Proc. Roy. Soc. A148, 
225 (1935); Crane, Lauritsen, and Harper, Science 79, 
234 (1934); M. C. Henderson, Livingston, and Lawrence, 
Phys. Rev. 45, 428 (1934). 

§ Allison, Proc. Camb. Phil. Soc. 32, 179 (1936). 

* Wertenstein, Nature 133, 564 (1934); Danysz and 
Zyw, Acta Phys. Polonica 3, 485 (1934); Haxel, Zeits. f. 
Physik 93, 400 (1935); Fahlenbrach, reference 3; Meye, 
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about 
radio- TABLE I. Comparative values of half-lives of some radioelements. 
by an 
rate a ae REACTION Hatr-LiFe AUTHORITY 
N¥(a,n)F!7 1.07+0.1 mi Pre k 
a,n .07+0.1 min. sent wor 
future 1.2+0.1 min. Meye?* 
1.25+0.1 min. Haxel* 
1.1+0.1 min. Ellis and Henderson? 
1.3 min. Danysz and Zyw* 
AS 1.2 min. Wertenstein‘® 
O18 (d,n)F17 1.16 min. Newson! 
O'(p,y)F! 1.28+0.1 min. DuBridge et 
2.57+0.08 min. Present work 
Al) 2.340.1 min. Meye? 
) in 2.75 40.33 min. Curie and Joliot* 
tivity 3.0+0.2 min. Alichanow et al.* 
2.1+0.2 min. Fahlenbrach® 
gated “ 2.10.2 min. Ellis and Henderson? 
duced AF7(d,p) AP’ 2.60+0.08 min. McMillan and Lawrence" 
Al? (n,y) AP’ 2.3 min, Amaldi et al.” 
duced pse Al?” (a,m) 2.55+0.05 min. Present work 
= 2.9+0.087 min. Meye? 
and “ “ 2.89+0.14 min. Fahlenbrach* 
in the 3.2+0.1 min. Ellis and Henderson*® 
.25 min. urie and Joliot® 
been S®(d,a) 3+0.1 min. Sagane"™ 
P31 (-y,2) 3.0+0.2 min. Bothe and Gentner’® 
ci P3!(a,n)CI* 32+1 min. Present work 
40+5 min. Frisch® 
S8(d,n)CI* 3341 min. Sagane™ 
yn for 
Cl*(a,n) Ks 7.65+0.1 min. Present work 
e 7.75+0.15 min. Hurst and Walke™ 
la 
Mn* Cr°3(a,p)Mn** 2.66+0.25 hours* Present work 
Mn®(n,y)Mn** 2.5 hours Amaldi et al.” 
‘onds, 
64-46 Cu® Co®*(a,n)Cu® 10.0+0.1 min. Present work 
Cu®(n,2n)Cu® 10.0 min. Pool et al.?7 
active 10.5+0.5 min. Heyn*’ 
te Cu®(y,2)Cu® 10.5+0.3 min. Bothe and Gentner™ 
lue of 3.4+0.1 hours Present work 
cured Ni®(d,n)Cu® Thornton*® 
inside Zn® Ni®°(a,n)Zn*8 3443 min. Present work 
. 3841.3 min. Bothe and Gentner!® 
itself. 
ained Cu (a,n)Ga** 68+4 min. Present work 
Ga**(y,n)Ga®* 60+2.5 min. Bothe and Gentner’ 
). Br78 As"5(a,n)Br78 +0.1 min. work 
.3 min. nell 
Br79(y,n)Br78 5+0.5 min. Bothe and Gentner’® 
(1935); 
1935 ); * Counter value. 
A148, was observed. The value given here for the half- with alpha-particles are 
life of is somewhat lower than current values Mg" (a, p) Al? (1) 
’ 
(see Table I). (a, 2)Si?’, (2) 
and c. Magnesium Mg*(a, p)Al**. (3) 
Meye, The situation in this element is more com- It is to be expected that Al** and Al*® ‘emit 
plicated. The possible reactions leading to arti- negative electrons, and Si’’ is a positron emitter. 
ficial radioelements on the bombardment of Mg Reaction (1), above, has been verified by many 
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workers,’ but the results concerning the other 
two reactions are somewhat divergent. Ellis and 
W. J. Henderson’ find that both reaction (2) 
and reaction (3) take place when Mg is bom- 
barded with the alpha-particles from radon in 
equilibrium with its decay products. By counting 
positive and negative electrons separately in a 
magnetic field, they determined that the period 
of Si?’ was from 6 to 7 minutes, and that of Al?® 
about 11 minutes. Meye,’ on the other hand, 
found that the total decay curve of Mg bom- 
barded with alpha-particles from a similar but 
weaker source could be analyzed into only two 
exponentials, of which one corresponded to the 
decay of Al?’ from reaction (1), while the other, 
of half-life 6.6 minutes, was attributed to Si?’. 
This latter result confirms that of Fahlenbrach® 
and Eckardt.'° 

It is obvious that chemical separation and 
counting of electrons separated according to 
charge are required to decide this problem. The 
matter has not been settled satisfactorily in the 
work reported here, but it is clear from the total 
decay curve of Mg bombarded with alpha- 
particles (Fig. 2) that at least three different 
periods seem to be present. 

By measuring the decay of an activated Mg 
sample immediately after a short bombardment 
(30 seconds), we have determined the half-life 
of Al?* as 154+5 seconds, in good agreement with 
current values" (see Table I). The thick-target 
yield of reaction (1) has also been determined for 
a target subjected to a short bombardment. 


d. Aluminum 


The production of P*° by the reaction Al®’(a, m) 
P®° is well known.’ The half-life obtained by us 
for is 2.55+0.05 minutes," which is con- 
siderably lower than the accepted values. A 
typical decay curve of activated Al is shown in 
Fig. 3. While the initial activity of the P*° is 


7 Curie and Joliot, reference 3. Alichanow et al., reference 
3. Danysz and Zyw, reference 6. Ellis and W. J. Henderson, 
reference 3. 
a 936) and W. J. Henderson, Proc. Roy. Soc. A156, 358 

*Fahlenbrach, Naturwiss. 23, 288 (1935); Zeits. f. 
Physik 96, 503 (1935). 

10 Eckardt, Naturwiss. 23, 527 (1935). 

1 Newson, Phys. Rev. 48, 790 (1935); McMillan and 
Lawrence, Phys. Rev. 47, 343 (1935). 

” Ridenour, W. J. Henderson, M. C. Henderson, and 
White, Phys. Rev. 51, 1013(A) (1937). 
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Fic. 2. Total decay curve of Mg bombarded for 14 minutes. 


enormous (about 3X10‘ times the background 
of the electroscope), it is important to be sure 
that there is present in the target no contaminant 
which could appreciably shorten the life. The 
only two contaminants which exhibit activity 
enough at our bombarding energies to affect the 
observed life of P®° are F'’ and Al?*. Because the 
former might be formed in considerable strength 
by recoil from the nitrogen of the air, the 
targets were bombarded in vacuum; and the 
chance that Al** would be formed by deuteron 
contamination of the alpha-particle beam (lead- 
ing to the reaction Al?’(d, p)Al**) is considered 
exceedingly remote in view of the quite complete 
separation of the H.+, D+ and He** peaks in the 
cyclotron.' The crucial test for the presence of 
Al*8, however, is to determine the sign of the 
beta-particles emitted from bombarded Al, 
since Al** emits negative electrons and P* 
positrons. The beta-particles emitted from the 
bombarded Al proved to be wholly positive, so 
that the half-life of P®° is, in fact, considerably 
shorter than has been previously supposed. See 
Table I. 

The yield of the reaction producing P*° has 
been measured. See Table II. 


e. Phosphorus 
Frisch" early discovered that a radioelement 
which he identified as Cl* was formed in the 


3 Frisch, Nature 22, 434 (1934). 
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reaction P*!(a, m)Cl*. It emits positrons. Frisch’s 
value of the period (40+5 minutes) was im- 
proved by Sagane,"* who found 33+1 minutes 
for the same radioactive isotope formed in the 
bombardment of S with deuterons. Our value of 
the period, 32+1 minutes, is in good agreement 
with the latter. The thick-target yield has been 
measured (Table II). 


Chlorine 

Ks is produced in the bombardment of 
chlorine with alpha-particles.“ Its half-life is 
7.65+0.1 minutes. The absorption in Al of the 
positrons emitted by this radioelement has been 
measured (Fig. 4); the mass range is about 
1.1 g/cm’, which indicates, according to Feather’s 
rule,° an upper limit of the beta-ray spectrum 
near 2.3 Mev. 

A crude chemical identification of the active 
isotope was made by dissolving in water the 
active surface layer of a slab of bombarded 
rocksalt, adding a little KCl, and precipitating 
potassium with sodium cobaltinitrite. The potas- 
sium cobaltinitrite precipitate carried with it all 
the activity. 


THE DECAY OF 
4- 

HALF LIFE ISI SECONDS = 2.52 MIN. 
2 


TIME IN SECONDS 
° 400 800 1200 


Fic. 3. The decay of P®, 


4 Sagane, ~~. Rev. 50, 1141 (1936). 

* Hurst and Walke, Phys. Rev. 51, 1033 (1937); W. J. 
Henderson, Ridenour, White, and M. C. Henderson, Phys. 
Rev. 51, 1107 (1937). 

Feather, Phys. Rev. 35,1559 (1930). 


PERCENT TRANSMISSION 


ALUMINIUM 


Fic. 4. Absorption in Al of the positrons emitted by K*, 
Cu® and dae, 


The first attempt made to measure the yield 
of this reaction, using a rocksalt target, failed 
because of the poor conductivity of the salt. A 
steady deflection of the beam-measuring gal- 
vanometer could not be maintained ; instead, the 
target would charge up for a period of perhaps 
one second, then discharge itself suddenly 
through the galvanometer, producing a kick in 
the beam record. This difficulty was overcome 
by sputtering an extremely thin layer of gold on 
the surface of the salt and connecting this layer 
to the galvanometer. The stopping power of the 
quite transparent gold layer for the alpha- 
particles of the beam has been estimated as being 
less than one-tenth of a millimeter, and no cor- 
rection for it has been applied. 


g. Vanadium 


The situation in this element is not understood 
at present. V has only one stable isotope, yet in 
a sample of V of doubtful purity a strong activity 
of period about 1.2 minutes was accompanied by 
a considerably weaker one of roughly 67 minutes 
half-life. The known alpha-particle reactions: 
(a,m) and (a, p), provide only one possible 
radioelement, Mn*™, since Cr is known to be 
stable, and it was at first thought that at least 
one of the observed periods in V must be due to 
an impurity in the sample. 

Through the kindness of Mr. D. L. Edlund 
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and the Vanadium Corporation of America, a 
sample of unusually pure vanadium was secured, 
the analysis supplied with it stating that it 
contained 


Vv 99.6 to 99.8 percent 

Fe 0.05 percent 

Si 0.05 percent 

Al less than 0.05 percent 
N less than 0.001 percent?’ 


Oxides remainder. 


This pure V showed both the periods which 
had been observed in the former sample, 
although the short-lived radioelement was con- 
siderably weaker in the pure sample, and the 
long one somewhat stronger. This last result 
makes it appear that the short period activity 
may be due to an impurity, but the only im- 
purities known to us which could give a com- 
parable period are N(F!”), Al(P®°), and Mg(AI’8). 
Mg is excluded as a possibility because of the 
fact that the particles emitted by the short 
period radioelement produced in V are positrons, 
and neither N nor Al is present in the sample in 
sufficient quantity to explain the observed in- 
tensity of the short period. Br impurity has not 
been mentioned as a possibility because of the 
fact that the short period activity induced in Br, 
though of the right period (Section 5, m), is 


17 By vacuum fusion method. 
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much too weak to explain the observed activity, 
Fe, Si, and O are quite inactive relative to the 
intensities dealt with in this paper (Section 6), 

There remains the possibility that the long 
period activity is due to Cu. (Section 5, k). The 
Cu impurity responsible for the observed activity 
would have to be present to about 10 percent; 
this seems out of the question. 

One may conclude that of the two activities 
found in V bombarded with alpha-particles one 
is due to Mn™. The other is due either (a) to 
some extremely activable impurity which has 
been overlooked in the present work, or (b) to 
Mn*® formed from an undiscovered stable iso- 
tope V*, or (c) also to Mn™. Mn* finds itself 


between the isobars Cr and Fe™, so that it has 


the alternatives of positron or electron decay 
leading to a stable isotope. In Cu®, the only 
similar case where both positrons and electrons 


are known to be emitted by a single isotope," » 


the half-lives for positron and electron decay are 
the same, but this is not necessarily true for all 
such cases. Mn™ may, then, show the sort of 
nuclear isomerism exhibited by Br*®, in which 
two different half-lives exist for the emission of 
the same sort of particles (negative electrons, in 
the case of Br*°) from a given nuclear species; 


18 Van Voorhis, Phys. Rev. 50, 895 (1936). 
19 Bothe and Gentner, Zeits. f. Physik 106, 236 (1937). 


TABLE II. Summary of data on radioactive isotopes. 


(dN /dt)t 
(4N/dt); =9 
INITIAL INTENSITY NUMBER OF ACTIVE 
CORRECTED TO | Atoms aT ZERO TIME =(No/A) 
RELA- a-PARTICLES EFFEC- FOR EFFECTIVE YVreLp PER INct- 
TIVE x TIVE AT ZERO TIME a-PARTICLES DENT a-PARTICLE 
ABUN- RaDIo- DISINTE- CORRECTED TO 
Bom-__ |[DANCE,”> ACTIVE | SIGN OF GRATION TARGET COMPOSED 
BARDED Per- | REAC- Iso- B-PaR- HALF- | CONSTANT, Micro- Total Active ENTIRELY OF Iso- 
ISOTOPE CENT TION TOPE TICLES LIFE MIN.~! Div./Min curies Divisions Atoms TOPE CONCERNED 
Bio 20 (a,n) N a 10.3 min. | 0.0673 46 0.28 684 4.26 X 106 4.6 X 10-6 
99.6 | (a,n) Fl’ 1.07 min.| 0.648 
M 11.5 | (a,p) Als - 2.56 min.| 0.271 627 3.8 2310 3.13 X 107 2.7 X1075 
AP? 100 (a,n) p30 ~ 2.55 min.| 0.272 3175 19.3 11700 1.59 X 10° 1.6 X 1075 
psi 100 (a,n) cr 32 min. 0.0216 55 0.335 2540 3.44 X 107 3.4X 1076 
76 (a,n) K38 7.65 min.| 0.0906 76* 0.46* 840* 1.14 x 107* 3.0 X 10-84 
Cr50(?) 4.9 (a,n) Fe53(?) 8.9 min.§} 0.0779 6.8 0.0415 88 1.19 x 106 2.2 X1078(?) 
Cris 10.4 | (a,p) 160 min.§ | 4.33 x 10-3 23)| 3.10 X 105 3.01077 
Ni58 67.3 (a,p) Cue! + 3.4 hrs. 3.42 X 1073 1.46 0.0089 427 5.80 X 106 8.6 X1077 
Co'? 99.8 | (a,n) Cu® + 10.0 min. | 0.0693 125 0.762 1800 2.44 X10? 2.4X10-6 
Ni®° 26.9 | (a,n) Zn aa 34 min. 0.0204 1.23 0.0075 60 8.14 x 105 3.0 X 1077 
Cus 70 an} Ga‘ 9.4 hrs. 1.23 X 10-3 138t 1.87 108 2.7 X1077 
Cus 30 (a,n 68 min. 0.0102 3.41 0.0208 334 4.53 X 106 1.5 10-6 
As’5 100 (a,n) Br78 a 6.3 min. | 0.110 3 0.185 275 3.73 X 108 3.7 X1077 
Br’? 50 (a,n) (?) { Rb® + 1.5 min. | 0.462 16.6T 0.101t 36t 4.88 X 10°F 2.0 
Br! 50 Rb* +(?) | 9.8 min. | 0.0708 1.8t 0.011t 25.4t | 3.44 1.4X107? 


* Rocksalt target. 


Computed from ratio Ga**/Ga®* = 19.8/48, corrected to infinite bombarding time. Ratio measured in separate experiment. 


Counter values. 


ie Br target. 


Computed from ratio Mn‘*/Fe =26/100, corrected to infinite bombarding time. Ratio measured in separate experiment. 


Yield has been multiplied by 2 to take account of Na in target. 
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Fic. 5. The decay of Cu®, 


it may also be the sort of positron and electron 
emitting isomer adduced by Pool and others?® to 
explain their results on the radioactive isotopes 
of silver. An attempt made in the present work 
to determine the sign of the electrons emitted 
by the long period activity in V bombarded by 
alpha-particles did not yield definite results. 


h. Chromium 


The results obtained on bombarding this 
element with alpha-particles have already been 
reported briefly.21 Two activities are found, of 
which the half-lives are 8.9+0.3 minutes and 
160+15 minutes. The latter emits negative 
electrons, is an isotope of Mn, and is almost 
certainly to be identified with the Mn® which has 
been formed by the bombardment of Mn, Fe, or 
Co with neutrons.” The alpha-particle reaction 
responsible for the production of this radio- 
element is then Cr**(a, p)Mn*. The half-life of 
Mn* has been given by Fermi” as 2.5 hours. 

The short-lived radioelement (8.9 minutes) 
produced in Cr by alpha-particle bombardment 
emits positrons, and is an isotope of Fe. In an 
earlier communication,”" we attributed this 
activity to Fe, but this assignment now seems 
doubtful in view of the results of DuBridge.** 


* Pool, Cork, and Thornton, Phys. Rev. 52, 380 (1937). 
4937)" j. Henderson and Ridenour, Phys. Rev. 52, 40 
Amaldi, D’ Agostino, Fermi, Pontecorvo, Rasetti, and 
Segré, Proc. Roy. Soc. A149, 522 (1935). 
493 ae Barnes and Buck, Phys. Rev. 51, 995 


DuBridge finds that a radioelement isotopic 
with Fe is formed in the bombardment of Mn 
with protons; this radioelement has a half-life of 
90 minutes. Since Mn has only one stable isotope, 
the reaction is presumably Mn®(p, m)Fe®. Addi- 
tional weight is given this identification by the 
fact that DuBridge finds a sharply defined 
threshold for the reaction producing the 90- 
minute radioelement at a proton energy of 2.5 
Mev; this is a characteristic of the (p, m) 
reaction.** 

There remains the possibility that the 8.9 
minute activity reported by us in Cr bombarded 
with alpha-particles is due to Fe®, formed in the 
reaction Cr®°(a, )Fe*. In the absence of other 
data, we earlier preferred*' to attribute it to 
Cr®(a, 2)Fe® for the reason that the relative 
abundances of the Cr isotopes seem to favor 
that interpretation. The isotopic constitution 
of Cr 


Cr* 4.9 percent 
81.6 percent 
Crs 10.4 percent 
3.1 percent. 


No trace of any long period activity was found 
in the Fe separated chemically from Cr bom- 
barded with alpha-particles, so that if Du- 
Bridge’s identification of Fe® is correct, the 
probability of the reaction Cr**(a, m)Fe® is very 


small at our alpha-particle energy. 


*% DuBridge, private communication. 
26 Hahn, Ber. d. D. Chem. Ges. 70, 1 (1937). 
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It should be mentioned that since no stable 
isotope Mn** has thus far been found,” the 
assignment of the 8.9 minute activity to Fe** 
requires one of the following alternatives: 
1. Mn*® is stable, but very rare, or 2. The posi- 
tron decay of Mn* into Cr** is of so short or so 
long a life as to have been overlooked in the 
present work, or of a life so near to 8.9 minutes 
that the measurements indicated a single period, 
or 3. Mn** decays to Cr** by K electron capture. 

The chemical separation of Cr, Mn, and Fe 
from bombarded Cr targets was performed for us 
by Mr. R. C. Newton, to whom we are very 
grateful. The bombarded Cr was dissolved in 5 
ml of 3 N HCl, and 15 mg Fe (as FeCl;), 12 ml 
concentrated H2SO,, and water to make 100 ml 
were added. A small amount of KMnQO, was 
added to oxidize the possible Fe*+* and to supply 
the required inactive Mn. The solution was 
cooled to 10° and 6 percent cupferron added in 
excess. The solution was filtered by suction after 
several minutes settling, and the Fe precipitate 
washed with cold 10 percent H2SO, containing 
0.2 g cupferron per 100 ml. The iron preciptate 
was removed to the counter and was found 
active, its activity decaying with a half-life of 
8.9 minutes. 

Mn was separated from Cr in the filtrate by 
addition of Na2O». Oxidation of the residual 
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Fic. 6a. Total decay curve of Ni bombarded for 2} hours. 
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cupferron yielded tar-like products which were 
collected on filtration along with the Mn. The 
Mn precipitate emitted negative electrons, its 
activity decaying with a half-life of 160 minutes, 

Cr was separated from the filtrate of the Mn 
separation by precipitation as PbCrO,. The Cr 
precipitate was inactive. 


i. Cobalt 

The strong activity produced in Co by alpha- 
particle bombardment decays with a single 
period”! of 10.0+0.1 minutes (Fig. 5); posi- 
trons are emitted. Co has only one abundant 
isotope,”®> Co*’, and the agreement of the period 
found in the present work with that ascribed to 
Cu® by various workers?’ makes it seem very 
probable that the reaction involved here is 
Co**(a, n)\Cu®. The yield of this reaction has 
been measured (Table II). 


j. Nickel 


Two radioelements have been produced in Ni 
by bombardment with alpha-particles, according 
to the reactions*®: 28 
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Fic. 6b. Early part of Ni decay curve, showing curves 
subtracted to obtain period of Zn®, 


26 Ridenour and W. J. Henderson, Phys Rev. 51, 1102 


(1937). 

27 Heyn, Nature 138, 723 (1936); Physica 4, 160 (1937); 
Pool, Cork, and Thornton, Phys. Rev. 51, 890 (1937); 
Bothe and Gentner, reference 18. 

(193 _ and W. J. Henderson, Phys. Rev. 52, 139 
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Ni®8(a, p)Cu™ and Ni®(a, 2)Zn®. 


Both emit positrons. The absorption in Al of 
those from Cu® has been measured (Fig. 4) ; the 
mass range is about 0.40 g/cm’, so that the 
upper limit of the energy spectrum computed 
from Feather’s rule is 0.94 Mev. The half-life of 
Cu is 3.4+0.1 hours; both the half-life and the 
upper limit of the beta-ray spectrum agree with 
the values determined by Thornton? for the 
same radioelement obtained in the bombardment 
of Ni with deuterons. 

The 3.4-hour radioelement was shown to be 
an isotope of Cu by the following procedure: 
Bombarded nickel foil was dissolved in nitric 
acid and small amounts of inactive Cu and Zn 
added. Copper was separated as CuS by bubbling 
H.S through the acid solution. The filtrate was 
made alkaline with ammonia, and the Ni and 
Zn present precipitated together by passing H2S 
through the solution. The Cu precipitate alone 
was active, the Ni+Zn precipitate not showing 
perceptible activity 2} hours after the cessation 
of the bombardment. These chemical experi- 
ments were made on a sample bombarded with 
particles which had passed through the platinum 
exit window of the cyclotron and therefore had 
a mean energy of about 7.5 Mev; under these 
conditions the amount of Zn® formed is very 
small,?8 so that the activity due to it could not 
be detected 23 hours after the bombardment. 

Mr. R. C. Newton performed a check on our 
identification of the chemical nature of the 
activity by dissolving the CuS precipitate men- 
tioned above in HCI and electrolvzing out the 
Cu from acid solution. The activity was found 
in the electrolytic copper. 

The decay of Zn® has never been observed in 
the absence of Cu® (Fig. 6), so that the period 
has been determined by the somewhat unreliable 
method of subtraction. The half-life thus ob- 
tained is 3443 minutes, in fair agreement with 
the value of 38 minutes attributed by Bothe and 
Gentner!®? to formed in the reaction 
Zn*(y, n)Zn®, 

The yields of the two reactions which take 
place in the alpha-particle bombardment of Ni 
have been measured; the results are found in 
Table IT. 


*® Thornton, Phys. Rev. 51, 893 (1937). 


k. Copper 


The two stable isotopes of this element give 
rise to two radioactive Ga isotopes by the (a, ) 
reaction”: * as follows: 


Cu®(a, 2)Ga® and Cu®(a, 2)Ga®, 


Both emit positrons. Ga® has a half-life of 68+4 
minutes, as measured in a target bombarded for 
15 minutes, the decay being corrected for the 
small amount of Ga® present. The absorption of 
the positrons from Ga*® has been measured 
(Fig. 4); the mass range is about 0.86 g/cm? of 
Al, indicating an upper spectral limit near 1.85 
Mev. Ga*®* has been produced by Bothe and 
Gentner"® in the reaction Ga®*(y, »)Ga®. 

The half-life of Ga® is 9.4+0.4 hours. Mr. 
R. C. Newton performed a chemical separation 
of Cu, Zn, and Ga which demonstrated that both 
the radioelements produced in Cu by alpha- 
particle bombardment are isotopes of Ga. 
Bombarded Cu was dissolved in 2 N HNOs, and 
some 30 mg each of Ga and Zn were added in 
the form of chloride solutions. The solution was 
made up to 50 ml and 6.5 Nin HCl, and extracted 
twice with ether previously saturated over 6.5 NV 
HCl. The two ether extracts were combined and 
washed with 50 ml of 6.5 NV HCI (saturated with 
ether), and the ether layer separated and 
evaporated. The Ga was precipitated from the 
residue as the ferrocyanide. The decay of the Ga 
precipitate was followed for 6 hours on the 
electroscope, and it was found that both the 
68-minute radioelement and the 9.4-hour radio- 
element were present in it. 

The Cu and Zn were separated from the re- 
maining HCI solution by sulfide precipitation ; 
both precipitates proved to be inactive. 


1. Arsenic 


Snell*® has already reported that a radioactive 
isotope of Br of half-life 6.3 minutes is formed in 
the bombardment of As with alpha-particles. 
The activity is presumably due to Br’’, formed 
in the reaction As”(a, n)Br78. Our value of the 
half-life agrees exactly with Snell’s; we have 
measured the thick target yield of this reaction 
at our bombarding energy (Table II). 


3° Snell, Phys. Rev. 51, 1011(A) (1937). 


| 
| 
curves 
$1, 1102 
(1937); 
(1937); 
52, 139 


900 


m. Bromine 


Two short-lived radioelements are formed in 
the bombardment of Br with alpha-particles. 
The periods are about 1.5 minutes and 9.8 
minutes. Since the (a, p) reaction leads to stable 
Kr isotopes in the case of both of the known 
stable Br isotopes, the reactions producing these 
radioelements are probably 


Br™(a, n)Rb® and Br*(a, 2)Rb*®, 


although chemical identification has not been 
carried out in this case. Both radioelements 
emit positrons, and stable Kr isotopes of mass 
numbers 82 and 84 exist, so that there are no 
difficulties in the way of this identification. If 
this assignment is correct, it is not possible 
from alpha-particle data alone to decide to 
which isotope each period corresponds. The 
activities are somewhat weak at our alpha- 
particle energy; see Table II for the results of 
the yield measurement. 


6. ELEMENTS DISPLAYING WEAK ACTIVITY 


No target has ever been found which, when 
bombarded for 30 minutes with our alpha- 
particle beam, gave an initial count less than 
about 400 per minute on a thin-walled (0.1 mm) 
Dow metal tube counter. Since so many ubiqui- 
tous impurities (N, Al, Cu, P) are tremendously 
activable, we have postponed the careful study 
of any radioelements produced by alpha-particle 
bombardment which are not intense enough to 
give an initial activity of about 4 div./min. on 
the electroscope used. This corresponds to an 
initial intensity of roughly 8000 counts/minute 
on the counter used. 

The following targets are in the class of those 
which exhibit such weak activities: LiF, Be, C, 
SiOz, paraffin, NasCO;3, S, Mn, Fe, Zn, Ga2Os, 
Se, Ag, Ta, Mo, Cd, In, Sb, Sn, ZrOe, Pt, Pd, 
Pbls, Rb2COs;, and Nb. 

To demonstrate the tremendous effect of a 
trace of an activable impurity, we may state 
that about 60 counts/min. on the thin walled 
counter used in these experiments would be 
produced by one part per million of Al in a 
target. Co and P impurities would each con- 
tribute about 1 count per minute per part per 
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million, if the bombarding time were about half 
an hour. The requirements of target purity 
imposed by this tremendous activability are so 
stringent that investigations of weak activities 
must be conducted only with the greatest 
caution. 


7. SUMMARY 


From the results mentioned in Sections 5 and 
6, it is evident that the alpha-particle activation 
of most of the elements up to atomic number 53 
has been studied. The noble gases have been 
omitted because the target-chamber employed 
was not suited for dealing with gases, and the 
other elements, namely K,*! Ca,*! Sc, Ti,®* Ge, 
Sr, Y, Ma, Ru, Rh, Te, have been omitted 
either because their activity had already been 
studied or because targets were not readily 
available. With these exceptions the results 
given in Table II should represent the only 
strong activities of moderate lifetime produced 
by 9 Mev alpha-particles in the elements below 
iodine. 
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PHYSICAL REVIEW 


Induced Radioactivity in Strontium and Yttrium 


D. W. Stewart,* J. L. LAwson anp J. M. Cork 
Departments of Physics and Chemistry, University of Michigan, Ann Arbor, Michigan 


(Received September 8, 1937) 


Strontium and yttrium have been bombarded with 6.3 Mev deuterons, with 14-20 Mev 
neutrons, and with slow neutrons, and induced radioactivity obtained in both elements. The 
activity in strontium is readily obtained by the action of deuterons or neutrons on strontium 
and possibly, with very weak intensity, by the action of fast neutrons on yttrium with the emis- 
sion of a proton. The periods observed in strontium are 3.0+0.1 hours (negative active, maxi- 
mum energy =0.61 Mev), and 55+5 days (negative active, maximum energy =1.9 Mev). A 
gamma-ray is found associated with the 3-hour period. Evidence has been obtained showing 
that the two periods may be ascribed to isomeric forms of Sr**. Activity in yttrium is obtained 
when strontium is bombarded with deuterons and when yttrium is bombarded with deuterons 
or neutrons. The periods observed are 120+4 minutes (positive active, maximum energy 
=1.2 Mev) and 60.5+2.0 hours (negative active, maximum energy =2.6 Mev). These periods 
are due, it is believed, to Y** and Y®, respectively. In the possible formation of Y* from Sr+H?, 
it is suggested that the process involves the complete capture of a deuteron, a reaction not 
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previously observed. 


INTRODUCTION 


N continuing the study of radioactivity in- 

duced in the heavier elements by deuteron, 
neutron, and alpha-particle bombardments, it 
was thought desirable to separate and identify 
the active isotopes produced in the bombardment 
of strontium. The known isotopes of elements in 
this region of the periodic system are given, 
together with their relative abundance, in Table 
I]. The radioactive isotopes prepared in these 
experiments are shown in circles in their probable 
locations. 

Fermi and his co-workers! exposed both 
strontium and yttrium to neutrons with negative 
results, although the yttrium is reported to have 
absorbed slow neutrons very intensively with the 
emission of gamma-rays. Somewhat later, Hevesy 
and Levi’ reported a period of 70 hours in yttrium 
resulting from neutron bombardment. More 
recently, Pool, Cork, and Thornton,’ in a general 
survey of radioactivity induced by very energetic 
neutrons, reported two periods from the bom- 
bardment of strontium and four from yttrium. 
No chemical separations were made in that 
survey in the case of yttrium, and only one 


* Horace H. Rackham Predoctoral Fellow in Chemistry. 

1Amaldi, D'Agostino, Fermi, Pontecorvo, Rasetti, and 
Segré, Proc. Roy. Soc. 149A, 547 (1935). 

*Hevesy and Levi, Kgl. Danske Videnskab. Selskab, 
Math.-fys. Medd. 14, No. 5 (1936). 

* Pool, Cork, and Thornton, Phys. Rev. 52, 239 (1937). 


period was found in the strontium precipitate 
from active strontium. 

In order to clarify the matter, additional 
evidence has been obtained which now permits 
the positive identification of several isotopes of 
the two elements. Certain new active isotopes 
were found, together with revised values for the 
half-life periods of those previously reported. 
The experimental work included the bombard- 
ment of both strontium and yttrium with 
deuterons, high speed neutrons, and slow neu- 
trons, together with the chemical separation of 
the active products. In addition, some work has 
been done on the related bombardment of 
zirconium with deuterons and neutrons, and of 
rubidium with alpha-particles and deuterons. 


APPARATUS AND MATERIALS 


The cyclotron was used as a source of high 
speed particles. Deuterons of 6.3 Mev were 
obtained and these either were used directly or 
were allowed to fall on a target of lithium metal 

TABLE I. Relative abundance of isotopes; active isotopes 


are shown with their half-life periods in circles in their 
suggested locations. 
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to obtain fast neutrons, or on a target of 
beryllium in order to obtain neutrons of lower 
energy. The intensity of the deuteron beam was 
between 5 and 10 microamperes in most of the 
experiments here reported, and the length of 
exposure varied up to a maximum of about six 
hours. In the experiments involving fast neu- 
trons, the sample was placed in a small cadmium 
cylinder to shield out slow neutrons, and the 
whole placed beneath a layer of lithium metal on 
which the deuterons were allowed to fall. For 
slow neutrons, the sample was covered with 
several centimeters of paraffin, and neutrons 
from a beryllium target were used. In the 
deuteron bombardment, the sample was covered 
with very thin aluminum, or with palladium foil 
in order to avoid the possibility of contaminating 
the yttrium separation with aluminum activity 
in case the aluminum foil adhered to the sample. 

The activities obtained were measured either 
with a Lauritsen type electroscope or with a 
Wulf string electrometer using an ionization 
chamber filled with Freon (difluorodichloro- 
methane). 

The strontium was bombarded in the form of 
the hydroxide, the chloride, and the nitrate. 
The nitrate was more satisfactory than the 
hydroxide since its use avoided the possibility of 
contamination by CO: which is absorbed from 
the air by the hydroxide. The yttrium was a 
preparation of Y(NOs3)3 from C. A. F. Kahlbaum 
which was not further purified. It seems probable 
that this material contains as impurities small 
amounts of dysprosium and traces of thorium. 
The latter was suspected because of an extremely 
weak natural radioactivity in the yttrium, and 
the former because the dysprosium period was 
observed after slow neutron bombardments. Zir- 
conium was bombarded in the form of the 
nitrate, and rubidium as the chloride. 


CHEMICAL SEPARATIONS 


A variety of methods were used in separating 
the activities in the bombarded strontium. 
First, yttrium hydroxide was precipitated by 
ammonium hydroxide from the solution of 
activated strontium in the presence of excess 
ammonium chloride and of potassium chloride. 
This was followed by the addition of ammonium 


oxalate and the removal of strontium oxalate, 
Finally, potassium and rubidium were precipi- 
tated together as the perchlorates by the addition 
of HCIO, followed by evaporation and thorough 
washing with anhydrous ethyl acetate. The pro- 
cedure is that commonly used in qualitative 
chemical analysis and was essentially the same 
as that followed by Walke* in his analogous 
separation of radioactive potassium, calcium, and 
scandium. From this procedure, it was found that 
the activity was in the strontium and yttrium 
precipitates, with no detectable activity (30 
minutes after bombardment) in the rubidium 
residue. 

Since the precipitation reactions for yttrium 
and strontium in this scheme are nonspecific and 
might well precipitate many other ions from 
solution, either directly or by adsorption on the 
gelatinous hydroxide precipitate, other reactions 
were necessary in order to avoid contamination. 
It was found that an isolation of yttrium could 
be obtained by dissolving the strontium salt in 
dilute acid, boiling to expel any F"’ or N™, then 
adding yttrium nitrate, excess ammonium oxa- 
late, and ammonium hydroxide. The strontium 
was thus precipitated while most of the yttrium 
remained in solution as a complex oxalate. 
The yttrium was recovered from the filtrate by 
the addition of sodium phosphate. For the 
direct separation of strontium, the method of 
Willard and Goodspeed was used. Yttrium and 
strontium were dissolved together in nitric acid 
and then crystalline strontium nitrate was 
precipitated by the addition of fuming nitric 
acid to make the final acid concentration 80 
percent. 

The same general methods were also used in 
separating strontium from bombarded yttrium 
and yttrium from zirconium after the removal of 
the latter as the phosphate. 


RADIOACTIVE ISOTOPES OF STRONTIUM 


From deuteron bombardment of strontium, 
two definite negative-active periods were ob- 
tained. These were found in every strontium 
precipitate, and were found to have half-lives of 

4 Walke, Phys. Rev. 51, 439 (1937). 


5 Willard and Goodspeed, J. Ind. Eng. Chem., Anal. Ed. 
8, 414 (1936). 
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3.0+0.1 hours and 55+5 days.® In certain of the 
strontium precipitates a third, positive-active 
period of 10.5 minutes was observed with con- 
siderable intensity and at first it was believed 
due to Sr® which could then decay to stable 
Rb®. That this is not the case, and that the 
10.5 minute period is probably extraneous, was 
shown by more thorough chemical separations 
in which the period was not observed when 
strontium chloride or nitrate was bombarded 
instead of strontium hydroxide. In addition, if 
the period had been that of Sr®, it should also 
have been made from Sr*® by the ejection of a 
neutron. Fast neutron bombardment of stron- 
tium in any form, however, gave only a weak 
activity of the longer negative periods. Attempts 
to produce Sr® by the reaction: 


Rb*®+H!—Sr®+n! (1) 


also gave no activity in the strontium. We can 
thus conclude either that reactions tending to 
produce Sr® are very improbable, or that any 
Sr® formed has a very short half-life. Slow 
neutron bombardment of strontium also gave no 
evidence of a 10-minute period. It seems most 
likely that the positive activity observed was 
due to an impurity (possibly N™ formed from 
carbon) which was not completely separated in 
some of the chemical processes. 

If we assume that all stable isotopes of stron- 

6 The 18-minute period previously observed (reference 3) 


was not obtained, and the sign of the 3-hour activity was 
found to be negative instead of positive as there reported. 


HOURS AFTER BOMBARDMENT 


tium are known, we must conclude that the two 
negative periods are due to isomers of Sr®*, 
formed by neutron capture: 


+H! (2) 
Sr? (3) 


It was hoped that these two periods might 
also be obtained from the bombardment of 
yttrium with fast neutrons, according to the 
reaction : 


Y89+ (4) 


Experiment has shown, however, that the ac- 
tivity obtained in strontium by prolonged fast 
neutron bombardment of yttrium is too small to 
be significant. It is impossible, with such very 
weak activity, to state what periods are present 
or to be sure that the activity is not due to an 
impurity in the yttrium, but the evidence 
suggests the possibility of obtaining the expected 
periods by more intense irradiation. 

The ratio of the initial intensities of the 3-hour 
to the 55-day period was measured after bom- 
barding strontium with deuterons, and from 
this was calculated the ratio between the rates 
of formation of the two isomers, corrected for 
infinite exposure. This ratio was found to vary 
between 1 : 94 and 1 : 130. 

When the strontium was bombarded with slow 
neutrons, the periods observed were the same 
as those obtained from deuteron bombardment 
but the 55-day period was relatively much 
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Fic. 2. (A) Decay of Y® as 
produced from Y+H?; (B) de- 
cay curve for Y separated from 
Sr+H?. 
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DAYS AFTER BOMBAROMENT 


weaker. In this case the ratio of the yields was 
approximately 1 : 1. All attempts to alter greatly 
the ratio of initial intensities of the two periods 
either by bombarding strontium in different 
chemical forms or by chemical methods after 
bombardment were unsuccessful. Likewise the 
possibility that one of the two negative periods 
belongs to a strontium isotope of mass greater 
than 89 (formed, hypothetically, by neutron 
capture from an unknown stable strontium, as 
Sr) was eliminated in part by chemical separa- 
tions. These showed that the strontium activity 
did not decay through an yttrium activity of 
appreciable half-life before reaching a stable 
zirconium isotope. This was further confirmed 
by the observed purity of the beta-ray spectra, 
which would be likely to show the presence of 
any very short lived secondary yttrium activity. 

It was observed that a gamma-ray activity 
was connected with the decay of the 3-hour 
period but no such activity was found with the 
longer period. The gamma-decay was measured 
by interposing a }” thick aluminum sheet 
between the sample and the ionization chamber 
of the electroscope. Curves showing the decay of 
the gamma-activity and of the total strontium 
activity obtained by bombarding strontium with 
deuterons are shown in Fig. 1. 


RADIOACTIVE ISOTOPES OF YTTRIUM 


In the yttrium separated from activated 
strontium, a composite activity shown in curve 


B, Fig. 2, was observed. This is resolvable into 
a strong initial period of 120+4 minutes (posi- 
tive active) and certain longer periods, negative 
active. The strongest of these, shown as a 64 hour 
period, resolves into a period of about 60 hours 
when the very weak residual activity probably 
due to a contaminant is subtracted. Bombard- 
ment of yttrium itself with deuterons gave a 
very strong negative yttrium activity of single 
period equal to 60.5+2.0 hours. See Fig. 2(A). 
No shorter periods due to impurities could be 
observed. The 60.5-hour period was therefore 
assigned to Y°® produced in the reaction: 


(5) 
+ e-. (6) 


This is undoubtedly the 70-hour activity as 
measured by Hevesy and Levi.? When bom- 
barded with fast neutrons, yttrium showed both 
the 120-minute and the 60-hour periods, with 
evidence possibly for another, shorter period.’ 
Slow neutrons gave the 60-hour period and also 
some shorter activity which has been attributed 
to Dy or Th in the original yttrium, a difficulty 
also encountered by Hevesy.? From this evi- 
dence, the 120-minute substance must be Y** 


7The period of 6.5 hours previously reported (refer- 
ence 3) was not observed. This was undoubtedly due to a 
contaminant and was responsible, by subtraction, for 
cag the 120-minute period, here observed, as 1.2 
ours. 
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) 2000 4000 6000 Hp 


Fic. 3. Beta-ray spectrum and K-U plot for Sr®® 
(55-day period). 


STRONTIUM (3h 554) K-U PLOT 


Fic. 4. Beta-ray spectrum and K-U plot for initial activity 
of Sr®® (3-hour and 55-day composite). 


formed, by fast neutrons, according to the re- 
action: 


Y894 Y884 (7) 
Y%_Sr884 (8) 


If these activities are correctly placed, then it 
is obvious that the 120-minute period can be 
formed from strontium only by the following 
process : 

Sr87+ Y88+ (9) 


If the 60-hour period in yttrium from strontium 
bombarded by deuterons is to be identified 
with Y™, then its production from strontium can 
be explained only by assuming the complete 
capture of a deuteron according to the reaction: 


(10) 


or by assuming that the strontium contained 
yttrium as a major impurity. This latter assump- 


YTTRIUM (605 h) 


° 4000 8000 12000 
Mp 


Fic. 5. Beta-ray spectrum and K-U plot for Y* 
60.5-hour period). 


YTTRIUM (12min) K-U PLOT 
al 


x) 2000 Hp 4000 6000 


Fic. 6. Beta-ray spectrum and K-U plot for Y** 
(120-minute period). 


tion is highly improbable since the strontium 
salts used were of the highest obtainable purity. 
Although deuteron capture has not previously 
been observed, it is known to be a possible, 
although not a probable process. In many 
respects it would be analogous to the capture of 
a high speed proton—a reaction known to occur 
in several cases. Bethe and Placzek® in discussing 
the possibility of capture of charged particles by 
heavy nuclei conclude that deuteron capture 
should be quite possible but that cases in which 
it might be observed would probably be rare. 
Accepting the tentative identification of the 60- 
hour period as Y®, the present example offers 
the possibility of calculating the probability of 
proton capture (from deuteron bombardment) 
as compared with deuteron capture for isotopes 
of strontium. (Eqs. (9)—(10).) The ratio of the 


® Bethe and Placzek, Phys. Rev. 51, 479 (1937). 
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rates of formation of the two activities is about 
1: 3. Correctirg this ratio for the difference in 
abundance of the two parent isotopes, Sr’? and 
Sr’8, it would appear that the ratio of proton 
captures by Sr‘? to deuteron captures by Sr** 
is about 7 : 2. 

Other possibilities for the production of active 
isotopes of yttrium would be expected from the 
bombardment of zirconium with deuterons or 
fast neutrons, followed by the emission of an 
alpha-particle or a proton, respectively. Pre- 
liminary experiments showed that isotopes of 
yttrium are actually produced in these bombard- 
ments and there is indication of the two yttrium 
periods just reported, but as yet the work of 
complete identification has not been attempted. 
Similarly, bombardment of rubidium with alpha- 
particles of 12-13 Mev has yielded yttrium 
activities too weak for exact analysis. 


Beta-RAY SPECTRA 


It has been possible to obtain tentative values 
for the upper limits of the energy of the beta-ray 
spectra of the two isomeric forms of Sr**, for Y** 
and for Y® by photographing the tracks in a 
cloud chamber. More than 600 tracks of each 
kind were measured in a magnetic field of 330 
gauss. In Figs. 3 to 6 are shown curves ob- 
tained from these data. In each case is given the 
distribution histogram actually obtained and the 
Konopinski-Uhlenbeck plot. In Fig. 4, where the 
tracks photographed were from both the 3-hour 
and the 55-day periods, the K-U plot is fitted 


best by two straight lines. The line yielding a 
higher energy limit is in agreement with the 
results for the 55-day period, shown alone in 
Fig. 3. The extrapolated K-U upper energy 
limits may be summarized as follows: 


Sr®® (3-hour period) 0.61 Mev; 
Sr8® (55-day period) 1.9 Mev; 

Y%8 (120-min. period) 1.2 Mev; 
Y® (60.5-hour period) 2.6 Mev. 


It will be noted that the energy limit for the 
strontium isomer with the longer half-life is 
considerably greater than that found for the 
3-hour activity. Present concepts of isomeric 
nuclei place the two excited states very close 
together. In view of the beta-ray energies found 
above, this would require the gamma-ray ac- 
tivity associated with the three-hour period to 
have an energy of about 1.3 Mev, i.e., the 
difference in energy of the beta-activity from the 
two isomers. Measurements of the observed 
gamma-ray energy are yet to be made. 
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The problem of explaining the recent results on nuclear interaction by means of a field theory 
is studied. Fermi’s theory of the electron-neutrino field is used as a model which is sufficient to 
account for the symmetries of the problem, although it fails to explain the order of magnitude 
of the forces. The equality of forces between like and unlike particles is exactly accounted for 
by introducing interaction terms involving the emission of electron pairs or neutrino pairs. 
The interaction law may be stated very simply with the aid of an isotopic spin variable for light 
as well as for heavy particles. The ratio of force constants obtainable from the theory of mass 
defects may be accounted for in detail by a suitable choice of the light particle field. However, 
it is difficult to explain any law involving more than one potential function J(r). 
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§1. GENERAL CONSIDERATIONS 


HE problem of the forces governing the con- 
stitution of nuclei has recently been studied 
with a considerable amount of success. From the 
increasing experimental data and their com- 
parison with continually improving theoretical 
computations it has been possible to gain a great 
deal of knowledge about the nuclear interaction 
potentials. Among other facts it has lately been 
apparently well established! that, apart from the 
Coulomb repulsion of the protons, the interaction 
is not only the same between two protons as 
between two neutrons, but also between a 
proton and a neutron, if these are in an antisym- 
metrical state. Thus the electric charge of the 
particles seems to be irrelevant as far as the 
specifically nuclear forces are concerned. For 
brevity we will call this the charge-independence 
hypothesis and refer to it as CIH. 

For these purposes it has been sufficient to use 
nonrelativistic wave mechanics, the interaction 
then being described by a static potential func- 
tion J(r). However, a characteristic additional 
assumption that has been generally adopted is 
that the forces are predominantly of the ‘‘ex- 
change’ type. This is expressed mathematically 
by multiplying /(r) into a linear combination of 
certain exchange operators, the interaction 
taking the form? 


(1) 


Py denotes the operation of exchanging the 
spatial and spin coordinates of the two inter- 
acting particles, Py the exchange of spatial 
coordinates only; 1, H, W and B are constants. 

In the formalism of the ‘isotopic spin’’ shown 
by Cassen and Condon?’ to be extremely prac- 
tical if the CIH be accepted, the interaction 
assumes the form 


{1+(e1%2)} JJ(r), (2) 


o; and +; being the spin and isotopic spin 
operators of particle 7. 


1 Breit, Condon and Present, Phys. Rev. 50, 825 (1936). 
_? The more recent suggestion of using a sum of different 
linear combinations of the exchange operators multiplied 
functions J;(r) will be briefly considered 
in § 3, 


*Cassen and Condon, Phys. Rev. 50, 846 (1936). 


The reason for the use of exchange forces is 
that only these seem capable of explaining the 
practically linear increase of binding energy with 
atomic weight in the region of medium and heavy 
nuclei. It should be remembered, however, that 
when originally proposing a nuclear exchange 
force, Heisenberg‘ did not choose this unusual 
type of interaction simply to account for this one 
experimental fact. The proposal was founded on 
a definite physical idea of the mechanism of 
interaction, Heisenberg’s conception being that 
the binding is effected by an actual exchange of 
electric charge between the two particles. 

If, as is in any case necessary in a relativistic 
treatment of the problem, the force is considered 
to be transmitted from one particle to the other 
by means of an intermediate field, then Heisen- 
berg’s picture requires that, in the intermediate 
state, the charge pertains to the field. 

Such a charge-bearing field had been inde- 
pendently introduced into nuclear physics in 
Fermi’s theory of 6-decay,® and it was therefore 
natural to seek to connect the two phenomena 
and to attempt to explain nuclear binding in 
terms of Fermi’s electron-neutrino field. As is 
well known these attempts have met with little 
success. If one assumes the interaction term to 
have the magnitude deducible from the*proba- 
bility of 8-decay, the resulting nuclear forces are 
far smaller than experimental knowledge re- 
quires. No satisfactory suggestions for the inter- 
action essentially different from Fermi’s have 
yet been studied. 

However, the application of Fermi’s theory to 
these questions may still serve a useful purpose. 
In the study of the dependence of nuclear forces 
on the spins of the particles it may be expected 
to yield correct results. The exhaustive discussion 
of this problem by Fierz® indeed shows that the 
dependence required by experiment can be 
completely accounted for. 

If one considers the dependence of the nuclear 
forces on the charge, it seems even more likely 
that essentially only the symmetry properties of 
the intermediate field can be of importance, and 
therefore relevant results should be obtainable 


from a theory of the Fermi type. For instance 


4 Heisenberg, Zeits. f. Physik 77, 1 (1932). 
5 Fermi, Zeits. f. Physik 88, 161 (1934). 
* Fierz, Zeits. f. Physik 104, 553 (1937). 
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the CIH can obviously not be well explained 
with Heisenberg’s charge-bearing field alone, 
since this field gives interaction forces between 
particles of like charge in higher approximation 
only. Therefore the natural assumption is that 
further interaction terms must exist which 
involve a field with zero total charge.’ * In the 
language of Fermi’s theory this would mean that 
the emission of two electrons of opposite sign or 
of two neutrinos by a proton or a neutron should 
be possible in addition to the originally assumed 
emission of one electron together with one 
neutrino.® We shall call the interaction in Fermi’s 
original theory 8-interaction of the first kind, 
the additional interaction here considered being 
denoted as of the second kind. 

It is not obvious that this assumption is suf- 
ficient to account for the CIH, but the following 
considerations will show that this is actually the 
case.'° A number of similar considerations can 
profitably be added and the general result de- 
duced that the ratio of the coefficients W, B, H 
and M in (2) that is in best agreement with 
experimental data can well be accounted for by 
a simple form of 8-theory. Any modification of 
Fermi’s theory that leads to forces of the correct 
magnitude can however be shown to be incom- 
patible with the saturation conditions required 
in the theory of heavy nuclei. In deriving these 
results the Fermi interaction should therefore, 
as has already been stated, be regarded merely 
as a “model” suitable for our purpose, without 
being necessarily generally correct. 


§2. DERIVATION OF THE INTERACTION LAW 


We shall apply the method of the isotopic spin 
in the case of the protons and neutrons, and it is 
therefore natural to accept a corresponding 
description for the light particles forming the 
interaction field.! This is only practical if one 
may assume that the mass difference between 
electrons and neutrinos can be neglected, as 


7 Wentzel, Helv. Phys. Acta 10, 108 (1937). 


8 Gamow and Teller, Phys. Rev. 51, 289 (1937). 

.* The compatibility of these further interaction terms 
with experiment is clearly stated by Wentzel (reference 7). 

This result has been evolved in a discussion with 
Professor G. Wentzel who has kindly permitted the writer 
to gp out that the statement to the contrary contained 
in his paper (reference 7) p. 110, footnote 2, needs cor- 
rection. 

" Feenberg, Phys. Rev. 51, 777 (1937). 


otherwise the undisturbed energy of the light 
particles would already be a function of ¢ and the 
simplifications gained by introducing this vari- 
able would be largely lost. It is well known that 
the mass difference in question is in fact essential 
in describing the shape of 8-spectra, but as the 
electrons and neutrinos of high energies give by 
far the greatest contribution to nuclear forces, 
the neglect is certainly permissible for our 
purposes. The same simplification has actually 
been made in all previous investigations. The 
minor corrections to the forces due to the mass 
difference of course necessarily violate the CIH, 
and this is equally true of the effects due to the 
Coulomb field of the electrons, but deviations of 
that order of magnitude are certainly not essen- 
tial to our considerations. 

It is most practical to define the isotopic spin 
operator of the light particles in such a way that 
tz is +1 for the positron —1 for the neutrino. 
This definition implies that we describe the 
positron as a “‘particle”’ and the negative electron 
as its ‘“‘antiparticle.’’ The ‘‘neutrino”’ is then con- 
sidered to be emitted in 8--decay, the “anti- 
neutrino” in $+-decay. We shall designate the 
quantized wave functions of the heavy particles 
by W, those of the light particles by y. For 
brevity we will omit the operators acting on the 
spins of light and heavy particles. Their effect is 
known from the work of Fierz® and does not 
differ for B-interaction of the second kind. It is 
easy to remedy the omission in our final for- 
mulae; this will be done in §3. 

When determining all possibilities for the 
dependence of the interaction on + we must note 
that the total charge of heavy + light particles 
must be conserved in all transitions. Then the 
most general expression for the interaction 
energy W is seen to have only six possible 
linearly independent terms: 


(3) 
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gi to gs are constants, all but g: being necessa- 
rily real. The first two terms in (3) describe the 
usual interaction of the first kind, the four others 
give transitions of the second kind and corre- 
spond to the four possibilities of either electron 
or neutrino pairs being emitted by either a proton 
or a neutron. 

To derive the forces between heavy particles 
we have to determine the second order per- 
turbation energy arising from (3). This calcula- 
tion differs in no essentials from the similar ones 
performed previously for the neutron-proton 
force alone, e.g. by v. Weizsacker.” We can 
therefore confine ourselves to stating the result. 
The perturbation energy is found to be 


1 

Hy=+— f dx f dx'F(r) 

with 
= 2 | 
+ 


The suffixes aa’ and ££’ refer to the columns 
and rows of the isotopic spin matrices and the 
corresponding components of the wave functions ; 
w symbolizes the spin dependent operators which 
we have refrained from putting down in detail. 
In Fermi’s theory F(r) can only be reasonably 
calculated for distances r= |x—x’|>>h/ Mc, then 
it is 

F(r) (6) 


Our main concern, however, is the study of Q. 
It is seen immediately that the last term in (5) 
results in forces of different sign for two protons 
as compared with two neutrons. This must be 
excluded, so that we have to postulate: 


ge (7) 


Similarly the third term of (5) would give an 
attractive force for unlike particles and a repul- 
sive force of equal magnitude for like particles. 


2 vy. Weizsicker, Zeits. f. Physik 102, 572 (1936). 


The CIH therefore requires its coefficient to be 


zero: 
(8) 


The remaining two terms are in agreement with 
the CIH and exactly of the form implied by (2). 
Let us now put 


(ga tgs)?=2f?, (9) 
(10) 

Omitting the suffixes we then awe 
(11) 


It is easily seen that in spite of the restrictions 
(7) and (8) f and g can assume any real values 
independently, but it should be noted that it 
appears impossible to derive negative coef- 
ficients for either of the terms on the right side 
of (11). Let us further note that the constant g 
is essentially Fermi’s original constant and is 
therefore determined by the probability of 
B-decay ; f on the other hand is free to be deter- 
mined to fit the facts of nuclear interaction alone. 

The general form of Q are given by (11) can 
now easily be shown to be derivable from a 
specially simple case of (3). To demonstrate this, 
let us put 


gs=gs=3(f—g). (12) 


The Eqs. (7), (8), (9) together with (10) are 
then satisfied. Inserting (12) in (3) we obtain 


(13) 


It thus appears quite unnecessary to use any 
more complicated form of the 6-decay law than 
(13) in order to obtain the most general result 
(11) for the heavy particle interaction. 


§3. DiscUssION OF RESULTS 


In order to compare our results with the usual 
interaction expressions of the type (2), it is 
necessary to include the term involving the spin 
dependence that has hitherto been omitted. 
According to Fierz the most general type of spin 
dependence is 


w= a+ (eo’)+ (er) (e'r)r”. (14) 


The peculiar third term is of a type not usually 
considered in the calculations on nuclear binding, 
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and it is at present best to restrict oneself to 
those special interactions in which its coefficient 
is zero. We therefore assume 


(15) 


and note that by Fierz’ formula 8 must then 
be positive, so that we can put 


28 (16) 


A similar restriction for a is not deducible from 
Fierz’ formula, but we can easily see that it is 
necessary for physical reasons. Breit and Feen- 
berg" showed that the linear increase of nuclear 
binding energies is explicable only if a certain 
inequality is satisfied by the force constants. In 
our notation this inequality reads 


of?> 0. (17) 


Therefore we can restrict ourselves to the con- 
sideration of interactions with positive a, and put 


2a=a?. (18) 
The interaction potential is then proportional to 
w= [a?+b?(e0") 42’) ]. (19) 


From (19) we find that the potential in the 
ground state of the deuteron is proportional to 


(a? +b*) (f? — 3g"). (20) 


In order that this may result in an attractive 
force we must then have 


(21) 


A choice of an f appreciably larger than g, such 
as has been suggested in order to account for the 
true magnitude of nuclear forces is thus shown 
to be incompatible with the generally accepted 
saturation conditions of the type (17). 

It should be observed that the expression (19) 
is only valid if one makes the natural assumption 
that the spin dependence of all five terms in (3) 
is identical, as was implied by the notation wf. 
It is possible to abandon this assumption and 
then one evidently can obtain an interaction 
proportional to the more general expression 


w= (22) 


8 Breit and Feenberg, Phys. Rev. 50, 850 (1936). 


Any ratios of the coefficients A to D that are 
in agreement with the condition used in (17) and 
the other “saturation conditions” given by 
Breit and Feenberg™ or Volz'* and by the 
present writer,'® can be seen to be derivable from 
suitable assumptions for the B-interaction, though 
it is still impossible to obtain the correct order 
of magnitude of the forces. It is, however, much 
more satisfactory to assume equal spin de- 
pendence of all terms and in consequence to 
restrict oneself to the more special form (19) for 


the interaction. It is interesting to note that in . 


this special case all saturation conditions are 
always satisfied. In the form given by the author 
they require: 


(i) a*f?2 0, 
(ii) a*(f2+g*) 20, (23) 
(iii) (a?+-b*) f?2 0, 


and are evidently true. More specially the con- 
siderations of Volz if modified to satisfy condi- 
tion (iii) show that the best agreement with 
experiment is attained if one puts 


f=0, :B=3:5, (24) 


and the use of the restricted expression (19) is 
indeed possible. 

Thus, 8-theory extended so as to involve the 
isotopic spin of the light particles succeeds in 
accounting completely for the assumptions as to 
the nature and ratios of nuclear forces used in 
current theory. Apart from the question of the 
absolute magnitude of the forces a further dif- 
ficulty may however present itself if, as has been 
recently suggested,!® it is found necessary to 
assume that interactions of different exchange 
character must be combined with different radial 
functions J,(r). There appears no other way of 
accounting for this but to suppose that a number 
of fields of different nature are responsible, each 
involving a different dependence on @ and +. 
From the point of view of field theory it would 
clearly be very unsatisfactory to accept this. 


4 Volz, Zeits. f. Physik 105, 537 (1937). 
14% Kemmer, Nature 140, 192 (1937). 
16 Rarita and Present, Phys. Rev. 51, 788 (1937). 
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The absolute number of neutrons produced in the 
deuteron-deuteron reaction (abbreviated d-d reaction) has 
been determined for a target of heavy ice by measuring the 
scattering cross section of liquid N2 and liquid O: for these 
neutrons, and by counting in an ionization chamber the 
recoils in Nz and in O; gas due to the scattering of the 
neutrons. Applying the necessary corrections one finds 
3.0X 105 neutrons per second per microampere of deuterons 
at 100 kv with an estimated uncertainty of 20 percent. 
The absolute yield of the protons under the same con- 
ditions is 2.10.2 X 10°; the nuclear process leading to the 
emission of a proton and a H? nucleus seems therefore 


somewhat less probable than the alternative process giving 
a neutron and a He® nucleus. The effective cross section for 
the neutron-producing reaction is roughly 2x10-** at 
100 kv, increasing to 4X10~** at 300 kv and according 
to the results of Amaldi, Hafstad and Tuve to 1.3 107% 
at 700 kv. This reaction is therefore not a “‘very probable 
process.”” The scattering cross section of oxygen for these 
2.4 Mev neutrons has the surprisingly low value of 
0.75 X 10-* cm?, only 0.6 that of nitrogen. The cross section 
of hydrogen for these neutrons is 2.1 X10~* cm? in agree- 
ment with the theoretical value. 


I. INTRODUCTION 


HE neutrons produced when ions of heavy 

' hydrogen collide with heavy hydrogen 
nuclei are homogeneous in energy and rather 
copious at moderate voltages.' A thorough study 
of their number and their interaction with 
matter is therefore very important. It was 
started in this laboratory by Ladenburg, Roberts 
and Sampson,?:* using the 400 kv outfit pur- 
chased with a grant from the Rockefeller 
Foundation. The present paper is a continuation 
of this work with special emphasis on the 
scattering of these neutrons by light nuclei. 


II. EXPERIMENTAL ARRANGEMENT 


The experimental arrangement was essentially 
the same as that used by Ladenburg and Roberts, 
with the following improvements: The ion 
source, a low voltage arc of the type described 
by Crane, Lauritsen and Soltan,* was equipped 
with a probe-voltage supply continuously vari- 
able between zero and 6 kv, so that better 
focusing was obtained, especially at energies 
above 200 kv. The resistance for the measure- 


* Some of the results in this paper were presented at the 
Washington meeting of the American Physical Society, 
Phys. Rev. 51, 1022 (1937). 

1Oliphant, Harteck and Lord Rutherford, Proc. Roy. 
Soc. A144, 692 (1934). 

*Ladenburg, Roberts and Sampson, Phys. Rev. 48, 467 
tran Ladenburg and Roberts, Phys. Rev. 50, 1190 

*R. B. Roberts, Phys. Rev. 51, 810 (1937). 

‘Crane, Lauritsen and Soltan, Phys. Rev. 45, 507 (1934). 


ment of the accelerating voltage was increased 
to 4X10° ohms so that voltages up to 400 kv 
could be measured exactly. The magnetically 
analyzed ion current received at the target 
amounted to some 24 microamperes of Dz 
molecules or alternatively 2-3 microamperes of 
D atoms. The molecular beam was employed in 
most of the experiments both because of its 
large size and its known purity (comp. Roberts’ 
paper,’ p. 811). As a target we used heavy ice 
produced by condensing D,O vapor on a Cu 
plate cooled by liquid air. This arrangement 
allows one to renew the layer of ice while the 
tube remains evacuated so that a fresh surface 
of identical properties is assured. The retarding 
potential on the target was increased to 135 volts 
for avoiding the loss of any secondary electrons 
from the target. The arrangement of the target, 
the necessary diaphragms, and the electrical 
connections are shown in Fig. 1. The diaphragm 
D, is grounded and is a few millimeters narrower 
than the charged diaphragm Dz» so that no part 
of the beam can hit the latter. The current 
carried by the beam was measured as before® 
with an integrating device acting upon a Cenco 
counter ; this counter circuit is closed and opened 
simultaneously with that of the counter operated 
by the ‘‘scale of eight” and the linear amplifier- 
ionization chamber; in this way the number of 
discharges in the ionization chamber due to 
impinging protons or to recoils from impinging 
neutrons per microcoulomb carried by the ion 
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Fic. 1. Chamber for the heavy ice target. 


beam was determined. This device eliminates 
the errors due to fluctuation of the current in 
the beam and together with the ice target gives 
results reproducible with an accuracy of a few 
percent. 

The neutrons produced by the d-d reaction 
were measured at 90° with respect to the ion 
beam, so that their energy 


Mev 


is practically independent of the deuteron energy 
Ea in the range studied (50 to 300 kv); here Q 
(3.2 Mev) is the energy balance** of the reaction. 

As the target of heavy ice is much more 
effective and constant than other targets of 
compounds of heavy hydrogen it seemed worth 
while to measure again the absolute yield of 
protons and neutrons produced in the d-d 
reaction. The solid angle of the measured proton 
beam was only 3X10-‘, that of the neutron 
beam was 0.2, as some thousand neutrons are 
necessary to give a measurable recoil in the 
ionization chamber. 


“T. W. Bonner and W. M. Brubaker, Phys. Rev. 49, 
19 (1936). 


III. METHOD 


The principle for measuring the absolute 
number of neutrons was the same as that used 
previously by Ladenburg and Roberts: one 
counts the number of recoil nuclei produced 
when the neutrons entering the ionization 
chamber are scattered by the gas in it. If one 
knows the fraction of neutrons scattered and the 
percentage of scattered neutrons giving measur- 
able recoils one can calculate the number of 
neutrons entering the chamber. In the previous 
experiments air was used as scatterer and the 
value of Dunning‘ for the scattering cross section 
of nitrogen was assumed. But the neutrons 
investigated by Dunning were produced by 
alpha-particles of radon bombarding beryllium 
and have energies distributed between about 
100 kv and 14 Mev. We have therefore deter- 
mined the scattering of the homogeneous neu- 
trons from our d-d source, using as scattering 
agent liquid nitrogen and oxygen separately, 
and filled our ionization chamber alternately 
with these gases. As the scattering cross section 
obtained for these gases is very different (ratio 


5 Dunning, Phys. Rev. 45, 586 (1934); 48, 265 (1935). 
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about 1.7 : 1) we get in this way two nearly 
independent measurements of the neutron yield. 
The percentage of scattered neutrons giving 
measurable recoils was determined as follows: 
The linear amplifier, scale-of-eight unit is ad- 
justed to reject pulses below a definite size by 
means of a selector tube between the amplifier 
and the scale of eight.** The voltage output of the 
linear amplifier was determined in terms of ion 
pairs in the chamber by the use of Th C’ alpha- 
particles. The voltage of the minimum effective 
pulse was determined by operating the linear 
amplifier on variable artificial pulses of known 
size, obtained from a relaxation oscillator. If J 
is the energy in electron volts for producing one 
jon pair, m the number of ions corresponding to 
the limit just determined, then T=mI, the 
energy for producing m ions, is just the lower 
limit of the energy of recoil nuclei which give 
measurable kicks. The scattering angle 6 of these 
neutrons is easily calculated from conservation 
of energy and momentum in the scattering 
process and is given by the equation 


where E, is the energy of the impinging neutrons, 
M, their mass, M the mass of the scattered 
nuclei. For example for 


m= 2100, J=33 ev, T=69 kv, k=0.0285, M=14 


we find cos 6=0.79, 6=37°; therefore all neu- 
trons scattered through an angle 237° give 
recoils measured in the chamber under the 
prevailing conditions. Assuming isotropic distri- 
bution of the scattered neutrons in a system 
where the center of gravity is at rest—for 
M=14 or 16 the distribution is practically also 
isotropic in the room system—one gets as the 
fraction of neutrons scattered through 37° or 
more, relative to 47, the value 0.895. Therefore 
the number of recoils measured has to be 
multiplied by 1.12 to obtain the total number of 
recoils due to all the scattered neutrons. The 
range of the recoiling N and O nuclei is so short 
that their paths are essentially entirely in the 


chamber. 


* J. Giarratana, R. S. 1. 8, 390 (1937). 


If o is the scattering cross section for the gas 
used, ¢ the thickness of the gas layer, N the 
number of nuclei per cc, mp the unknown number 
of neutrons entering the chamber, m the total 
number of recoils, —n=mge~*"* and as oNt is 
of the order of 10-*, m>=n/oNt. Our procedure 
consists therefore in two steps, (1) the measure- 
ment of the scattering cross section, (2) the 
measurement of the number of recoils of N and O. 


IV. MEASUREMENT OF THE SCATTERING 
Cross SECTION 


The scattering cross sections were measured 
by a transmission method essentially similar to 
that used by Dunning.’ The neutrons were 
detected by a small paraffin-lined ionization 
chamber of 2.5 cm diameter placed 27 cm from 
the target. The scatterers were cylinders of 2 cm 
diameter placed midway between the target and 
the detector. In the case of Os and Ne, where 
we used the pure liquefied gases, these were 
small cylindrical Dewars; for other materials 
solid cylinders were employed. We used a beam 
of about 20 microamperes of D2 molecules at 
280 kv, which gave about 500 counts/min. 
under our conditions. 

Two corrections must be applied to the 
measured transmission. First one must correct 
for that fraction of the neutrons measured 
which does not come directly from the target, 
but is scattered into the chamber from parts of 
the apparatus near the target. This number is 
small, because our paraffin-lined ionization cham- 
ber has maximum response to neutrons incident 
from the forward direction. The actual correction 
was determined by measuring the variation of 
the counting rate with the distance between the 
active part of the target® and the ionization 
chamber. It is found upon varying this distance 
between 12 and 40 cm that the inverse square 
law is fulfilled if one assumes that the number of 


neutrons not coming directly from the target is 


6 The active part of the target was a narrow line of about 
1 cm length normal to the direction from the target to the 
middle of the chamber. The spot where the deuteron beam 
actually hit the ice target—visible by bright bluish lumi- 
nescence—was a kind of ellipse, but the target made only 
a very small angle with the direction to the chamber, so 
that the ellipse appeared from the chamber nearly as a 
line. It is useful not to concentrate the beam in a very 
small spot on the target, otherwise the ice is removed too 
rapidly. 
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Fic. 2. The change of the yield of neutrons with the 
distance from the target. 


roughly independent of the distance from the 
target, and amounts to about 3 percent of the 
total yield at 27 cm (see Fig. 2). 

A second correction arises from the fact that a 
certain fraction of the neutrons deflected by the 
scatterer still enter the chamber and are counted. 
This correction has been calculated in the same 
way as by Amaldi and Fermi,’ with the assump- 
tion of isotropic scattering. This method holds 
accurately only in the case of very thin scatterers, 
a condition not fulfilled in these experiments, as 
one needs about 10 cm of liquid O2 to get an 
accurately measurable effect. However with the 
large target-detector separation used, the cor- 
rection amounts to only a few percent of the 
measured transmission, and further corrections 
would be of a higher order. The mean free paths 
calculated from the scattering cross sections are 
in every case more than twice the length of the 
scatterer used, so that no corrections need be 
made for multiple scattering. Both corrections 
described act to decrease the measured trans- 
mission and thus to increase the cross section. 


V. RESULTS AND ACCURACY 


The final results are collected in Table I 


where Dunning’s values for the inhomogeneous 


— and Fermi, Phys. Rev. 50, 899 (1936), especially 
p.- 


neutrons from radon-beryllium are also given; 
as far as we see his values are not corrected for 
the neutrons scattered into the chamber. Besides 
N and O we have investigated some other 
substances easily obtainable, although a sys- 
tematic investigation of the scattering for these 
homogeneous neutrons is outside the scope of 
the present paper. 

Table I contains the transmission observed for 
the different substances, the corrected values of 
the transmission and the total cross section ¢ 
which is proportional to the logarithm of the 
reciprocal transmission. The inaccuracy of ¢ is 
estimated to be less than 10 percent except in 
the case of oxygen where due to the small 
scattering the uncertainty may be as high as 
15 percent. The cross section given contains of 
course the effect of absorption of the neutrons 
besides that of elastic and inelastic scattering. 
As it is known the former does not amount to 
more than 10 percent of the total for fast neu- 
trons.’ Our value for the absolute yield of 
neutrons based on the cross section of nitrogen 
is not appreciably influenced by this complica- 
tion inasmuch as in the absorption process heavy 
ions are produced having sufficient energy to be 
detectable in the ionization chamber. As far as 
it is known oxygen does not absorb d-d neutrons, 
and inelastic scattering of these neutrons does 
not occur with atoms higher than fluorine. The 
abnormally low cross section of oxygen, not 
previously known, is perhaps due to the closed 
shell of the nucleus, containing 8 protons and 
8 neutrons. It may be interesting to measure the 
scattering of oxygen with widely different neu- 
tron energies. 


TABLE I. Transmission coefficients of neutrons in various 
substances and the total absorption and scattering cross 
section. 


OBSERVED | CORRECTED 
TRANS- TRANS- o 

ELEMENT! Z |G/cm?| MISSION MISSION | X 10% | (DUNNING) 

H 1| 2.60 0.55 0.51 2.11 1.68 
(paraffin) 

Cc 6| 841 52 1.57 1.65 

N 7] 8.10 .67 65 1.27 1.76 

Al 13 | 10.8 62 .60 2.16 2.4 


8 Dunning, Pegram, Fink and Mitchell, Phys. Rev. 48, 
265 (1935). 
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The cross section of H is much higher than 
Dunning’s value for the Rn-Be neutrons, some- 
what higher than the value which Booth and 
Hurst? found recently for the d-d neutrons 
((1.8+0.4) X10-**), and is in agreement with 
the value 2.1610-* predicted by theory’ for 
neutrons of 2.44 Mev, assuming the binding 
energy of the singlet state of the deuteron to 
be 0.13 Mev. 


VI. MEASUREMENT OF THE NUMBER OF RECOILS 
IN N AND O AND THE ABSOLUTE 
NUMBER OF NEUTRONS 


The number of recoil N and O nuclei due to 
neutrons which enter the ionization chamber and 
are scattered in it was measured with the same 
device as used in the scattering experiments 
described before, but the ionization chamber was 
filed with nitrogen or with oxygen and its 
electrodes were not lined with paraffin. On 
account of the lower sensitivity of this chamber 
to neutrons the distance from the target was 
reduced to 10 cm and the diameter of the 
chamber increased from 2.5 to 5.0 cm. The low 
scattering cross section of oxygen resulted in a 
correspondingly lower yield when oxygen instead 
of nitrogen was used. Two different runs gave as 
ratio O2/N2 0.613 and 0.602; the ratio of the two 
cross sections is 0.75/1.27 =0.592. The difference 
between these values is well within the experi- 
mental error. Therefore the absolute number of 
neutrons calculated from these results is the 
same in both cases. 

Assuming at first isotropic distribution of the 
neutrons produced in the d-d reaction we get as 
total number emitted from the D,O target under 
a solid angle of 4x for 1 microampere of deuterons 
at 100 kv 2.3,X10* neutrons per second. This 
value is calculated by taking care of the cor- 
rection of 12 percent due to low energy recoils 
not counted as mentioned before. It may be 
too high by an unknown, but small fraction 
due to neutrons not coming directly from the 
target, but scattered from surrounding material. 


*Booth and Hurst, Nature 138, 1011 (1936). These 
authors have, according to their complete paper (Proc. 
Roy. Soc. A161, 248 (1937)) used the neutrons of 2.9 Mev 
emitted in the forward direction with respect to the in- 
cident deuterons (note added in proof). 

Eq, a Bethe and Bacher, Rev. Mod. Phys. 8, 83 (1936); 

. (62). 


We estimate this fraction to be certainly smaller 
than 10 percent, considering the very low value 
of stray neutrons (3 percent) found in the 
scattering experiments with the paraffin cham- 
ber at the large distance of 27 cm from the target. 
The number of recoils obtained when the ioniza- 
tion chamber is put below the target, so that 
the neutrons come out in the direction of the 
bombarding beam, is nearly twice as great 
as that observed at 90° to the beam. This large 
anisotropy has been studied carefully by Kemp- 
ton, Browne and Maasdorp." It can be repre- 
sented by the function” 


f(0) =1+0.8 cos? 4, 


where @ is the angle between the direction of the 
bombarding beam and that of the emitted 
particles. Therefore we must multiply the yield 
calculated for an isotropic distribution from the 
measurements at 90° by 


af (1+0.8 cos? @) sin = 1.266 
0 


so that the total number of neutrons under the 
conditions mentioned becomes 2.96105 per 
sec. per microampere of deuterons at 100 kv. 
We have also measured the total number of 
protons under the same conditions using thin 
aluminum windows in the path of the protons 
so that only the last centimeter of their range 
was effective in the chamber. We applied the 
precautions mentioned in Roberts’ paper to 
avoid missing any protons. The result of our 
measurement is—under the assumption of iso- 
tropic distribution—that 1.65 protons are 
emitted per second from a fresh surface of heavy 
ice when bombarded by 1 microampere of 
deuterons at 100 kv. This value is about 40 
percent smaller than the number of neutrons 
found under identical conditions. It seems 
therefore that the d-d reaction producing neu- 
trons and He’ is somewhat more probable than 
that producing protons and Hi’. Theoretical 
considerations based on the hypothesis of 
identical specific nuclear forces between the 


elementary particles lead to the result that 


1 Kempton, Browne and Maasdorp, Proc. Roy. Soc. 
A157, 396 (1936). 

12 Compare L. I. Schiff, Phys. Rev. 51, 783 (1937). 

18M. H. Johnson, Phys. Rev. 51, 779 (1937). 
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Fic. 3. The absolute yield of the deuteron-deuteron collision between 20 and 500 kv 
OHR = Oliphant-Harteck-Rutherford; RLK = Roberts-Ladenburg-Kanner; Z = Zinn-Seeley; AHT 
= Amaldi-Hafstad-Tuve; K = Kallmann-Kuhn; D = Doepel. 


both reactions should be equally probable, 
confirmed roughly by earlier investigators. 

The value found by Ladenburg and Roberts 
for the total number of protons emitted when a 
(D,0)(P:0;) target was bombarded under the 
same conditions was 7X10*/sec., showing that 
our ice target is about 2.4 times as effective. 

The data on the absolute number of neutrons 
emitted from an ice target under standard 
conditions allow us to calculate that we get 1 
count in the paraffin lined chamber for 1600 im- 
pinging neutrons, and that 8000 neutrons hitting 
the Ne filled chamber produce one count under 
our conditions of selection and amplification. 


VII. CoMPARISON WITH OTHER INVESTIGATORS 


The most reliable other measurements of the 
absolute yield of neutrons from the d-d reaction 
are those of Amaldi, Hafstad and Tuve"* 
(A.H.T.). These authors have already compared 
their results with the older ones of Ladenburg- 
Roberts and found a satisfactory agreement. 
But the comparison can now be made much 
more accurate. A.H.T. used the method de- 


4 Amaldi, Hafstad and Tuve, Phys. Rev. 51, 896 (1937). 


veloped by Amaldi and Fermi" for the neutrons 
from a radon-beryllium mixture. They slowed 
down the neutrons to thermal energies in large 
amounts of water and measured the density of 
the slow neutrons by integration at various 
distances from the source; this density in turn 
was determined by counting the electrons given 
off from an activated sheet of rhodium. Although 
this rather indirect way of counting the neutrons 
is different in every respect from our method— 
which of course has also to be considered as 
indirect—the results agree as well as can be 
expected. We can compare these results directly 
at 300 kv, which is our highest and their lowest 
energy point. At this voltage (Fig. 4) we find 
for the ice target used 


2.96 X 10.1 X 10° sec.—! = 3.0 XK sec. pam. 


A.H.T. (reference 14, p. 908) found 11.310 
neutrons/sec.-wA of deuterons at 738 kv bom- 
barding a target of heavy phosphoric acid and 
calculate as yield for a target of D,O from the 
stopping power of these targets 


1/0.29=3.45 times as much, that is 3910°. 


4% Amaldi and Fermi, Phys. Rev. 50, 899 (1936). 
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Fic. 4. Absolute yield of neutrons from D on D,O. 


The ratio of the yield at 738 and 300 kv can be 
calculated from their data to be 11 so that their 
yield for 300 kv deuterons bombarding D,O 
was 3.5X10° sec.“ 

The agreement is equally within the experi- 
mental error, if we use our factor of 2.4 instead 
of the value 3.45 to reduce the target of heavy 
phosphoric acid to a target of DO giving 


2.4X10® sec.—! pam. 


In Fig. 3 are plotted Roberts’, our and A.H.T.’s 
values of the absolute yield (neutrons per 
deuteron) on a logarithmic scale, calculated for 
a pure deuterium target taking care of the 
stopping power of the target used'® (compare 
Roberts’ paper, p. 817, and A.H.T., p. 908). 
The figure shows that also the increase with 
voltage above 300 kv according to A.H.T. agrees 
well with our curve at lower voltages. In these 
units the absolute yield is 3X10-® at 50, 2.4 
X10-7 at 100, 2.4X10-* at 300, and 15x10-* 
at 500 kv. 

The figure contains further the values given 
by some other investigators. Oliphant, Harteck 
and Lord Rutherford,! who measured in their 
pioneer work the number of protons and esti- 
mated the yield of neutrons to be of the same 


16 Here we use the factor 5 to reduce both A.H.T.’s and, 
our results from an ice target to a pure deuterium target. 


order, found somewhat higher values than we. 
Doepel,'? who measured down to 10 kv, got much 
lower yields; the reason for this discrepancy is 
not definitely known, but it seems probable that 
the solid compounds NaOD, Ca(OD):s, Ds;PO, 
which he used as targets are not as effective 
nor as reliable as targets of heavy ice. Durhop’s 
results'”* at the very low voltage of 5 to 20 kv 
are obtained with a LiD target without magnetic 
analysis; his absolute values are only estimated 
(10-" at 10 kv and 5X10-" at 20 kv). The 
values of Zinn-Seeley'® at 60 kv and of Kallmann- 
Kuhn’ at 150 kv are obtained without magnetic 
analysis and therefore only approximately com- 
parable; they are in accordance with our values 
within a factor of 2. Kallmann-Kuhn give the 
reason why Alexopoulos’ results?® (which are 
not plotted in our curve) are appreciably higher 
than all the other values: he counted the neu- 
trons with Geiger-Miiller tubes which responded 
not only to heavy particles but also to electrons 
which are apparently released by neutrons 
through a process not fully understood today.” 


 Doepel, Ann. d. Physik (5) 28, 87 (1937). We have 
increased his values by a factor of 7, for reducing them to 
a pure d-target in the same way as our results. 

17 Durhop, Camb. Phil. Soc. 32, 643 (1936). 

18 Zinn-Seeley, Phys. Rev. 50, 1101 (1936). 

19 Kallmann-Kuhn, Naturwiss. 25, 231 (1937). 

20 Alexopoulos, Helv. Acta 8, 601 (1935). 

21See Seishi Kikuchi, Hiroo Aoki and Kédi Husimi, 
Proc. Physico-Mathem. Soc. Japan (3) 18, 727 (1936). 
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VIII. ErrectiveE Cross SECTION OF THE 
d-d REACTION 


It is of some theoretical interest to calculate 
the effective cross section for the investigated 
nuclear reaction. As the range of 100 kv Dz ions 
in water is of the order of 10-* cm it was not 
possible to use an “‘infinitely thin’’ target. But 
it is possible to calculate the cross section from 
the increase of the yield with voltage Ay/Av, if 
the increase of the range with voltage Ax/Av is 
known in the same voltage region.?"* These values 
can be estimated from calculations of proton 
ranges by Mano” and by Bethe,” and from 
measurements of Parkinson, Herb, Bellamy, and 
Hudson*‘ for proton ranges in air and aluminum 
down to 200 and 120 kv, respectively, and under 
the reasonable assumption that a deuteron of 
the same velocity as a proton, having twice its 
energy, has also twice the range. ° 

The excitation function for the d-d reaction 
has recently been measured by Roberts,’ and is 
in agreement with the measurements of Oliphant, 
Harteck and Lord Rutherford! and of Alexo- 
poulos”’ in the region covered by these investi- 
gators (up to 150 kv). Since we now have avail- 
able a larger voltmeter resistance which enables 
us to make accurate measurements up to 400 kv* 
we have checked the excitation function for 
neutrons at 90° to the bombarding beam where 
the neutron energy is practically independent of 
the energy of the deuterons (comp. p. 4). For 
the higher voltages we used the beam of atomic 
deuterons; its purity was demonstrated by 
the agreement of its yield at 140 kv with the 
yield of the molecular beam at 280 kv. Our 
results agree up to 200 kv with the former ones 
reduced to an ice target, but are somewhat 
higher at higher voltages (Fig. 4).*°* The values 

*1a The cross section is then Ay/Ax- N, where N, the num- 
ber of D nuclei in the target, is in our case 6.7 X 10/cm?. 

22 Mano, J. de phys. 5, 632 (1934). 

23 Bethe, unpublished. We thank Professor Bethe for 
making his data available to us. 

24 Parkinson, Herb, Bellamy and Hudson, Bulletin 
A. P. S. Madison, report No. 20. We wish to thank also 
these authors for permission to use their values before 
renee, They differ from the calculated values of 

ano and Bethe appreciably below 500 kv. 

26 Previously the voltages over 200 kv were measured 
with the less accurate generating voltmeter. 

258 In Fig. 4 only the new values are plotted as points, 


= remainder of the curve is taken over from Roberts’ 
ata. 


of the effective cross section for the neutron 
producing reaction are about 2X10-* cm? at 
100 kv increasing to 4X10-* at 300 kv; they 
are rather inaccurate due to the uncertainty in 
the range energy relation at these low energies.” 
But the order of magnitude is certainly right and 
the observed increase of the cross section from 
100 to 300 kv is real in spite of the low “‘po- 
tential barrier’ of the D nucleus and is still 
noticeable* up to about 700 kv in the measure- 
ments of Amaldi, Hafstad and Tuve.** These 
cross sections appear rather low and show that 
the nuclear process considered is not a ‘“‘very 
probable reaction” as has often been assumed ;27 
for the square of the wave-length \ of the 
incident particles or rather the expression 2/47 
—which is usually taken for the order of the 
probability that the bombarding particle per- 
forms a nuclear collision?*—is about 4-10-** cm? 
at 300 kv. The relatively low probability of our 
nuclear process may be connected in some way 
with the other anomaly, namely the departure 
from spherical symmetry in the angular distribu- 
tion of protons and neutrons (compare Schiff"). 
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26 We have assumed for the increase of the range of 
100 kv deuterons in ice 1.0X10~* cm/volt and at 300 kv 
1.3 X10-* cm/volt. 

* Note added in proof: Bethe (Rev. Mod. Phys., 9, 214 
(1937) gives the value 2.210-* cm? for o at 750 kv, 
smaller than our calculated value by a factor of 6. The 
principal discrepancy appears to lie in Bethe’s values of 
“*p” (n sec! d on a D.O target), which are lower than 
those of A.H.T. by a factor of about 9. He calculates 
AX/AE to be about 1.2 X10-* cm/volt at 750 kv. 

268 We find from their data (Fig. 9 of reference 14) the 
increase of yield Ay for an ice target between 600 and 800 
kv to be 2X107/6.24X10" and from the range-energy 
relations mentioned the increase of range for deuterons 
Ax to be 3.5X10~* cm, therefore the corresponding cross 
section is 1.3 107% cm?. 

27 See for example M. Goldhaber, Proc. Camb. Phil. Soc. 
30, 561 (1934). 

28 Compare J. D. Cockcroft, International Conference on 
Physics, London, 1936, p. 126 and Ostrofsky, Breit and 
Johnson, Phys. Rev. 49, 22 (1936). 
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the Deuteron-Deuteron Reaction 
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Pupin Physics Laboratories, Columbia University, New York, N. Y. 


(Received July 28, 1937) 


A simple accelerating tube for the production of neutrons by the deuteron-deuteron reaction 
is described. The neutron intensity from a heavy water ice target is compared with the neutron 
intensity from a strong Rn—Be source. The yield is found to be 6 mC per microampere of positive 
ions at 100 kv, and 9 mC per microampere of positive ions at 124 kv. Positive ion currents at the 
target in excess of one milliampere are obtained. With a beam of deuterons resolved by means of 
a magnetic field, a constant neutron intensity equivalent to that from a Rn—Be source of 4 curies 
has been obtained at 100 kv, and 6.5 curies at 124 kv. The neutron yield in the former case is 
22 mC per microampere of deuterons and in the latter case is 37 mC per microampere. 


INTRODUCTION 


F the various neutron-producing nuclear 

reactions, the one involving the disinte- 
gration of deuterium by deuterons has been 
recognized, since its discovery,' as potentially 
the most useful when only moderate voltages 
are available for accelerating the deuterons. 
Although the efficiency of this reaction when 
such voltages (of the order of 100 kv) are 
employed is small compared with the efficiency 
of other neutron-producing reactions at higher 
voltages, nevertheless, the opportunity is af- 
forded of constructing a generator which pro- 
duces useful neutron intensities without elaborate 
high voltage equipment. Intensities of iso- 
energetic, gamma-ray free neutrons, equivalent 
to that from one to ten curie sources of radon 
+beryllium are quite possible, and it is believed 
such intensities will prove useful in nuclear 
investigations. 

The first generator constructed was used with 
an x-ray high voltage set which was limited to 
60 kv. The results obtained therewith, which 
have been reported previously,? indicated that 
deuterons accelerated by voltages from 100 to 
200 kv would produce the neutron intensities 
quoted above. The apparatus herein described 
has been designed for voltages up to 200 kv. An 
effort has been made to make the construction 
as simple and inexpensive as possible. It was 
rather pleasing to find that the general operating 


* Both at the College of the City of New York. 

‘Oliphant, Harteck and Rutherford, Proc. Roy. Soc. 
A144, 692 (1934). 

*Zinn and Seely, Proc. Am. Phys. Soc., Phys. Rev. 
50, 1101 (1936). 


characteristics and steadiness are comparable 
with those of an x-ray tube operated on the 


pumps. 
APPARATUS 


The high voltage used for accelerating the 
ions is supplied by a voltage doubling, kenotron- 
rectifier set, capable of providing 200 kv. The 
source of positive ions is maintained at ground 
potential, the target end of the accelerating 
tube being maintained at a high negative 
potential with respect to ground. Although this 
is not the conventional arrangement, it was 
adopted because of many simplifications in 
construction and operation. This design intro- 
duces no undesirable complications from the 
standpoint of many experiments in which neu- 
trons are used. Materials in which artificial 
radioactivity is to be induced by slow neutrons 
can be insulated easily for the high potential. 
In some experiments involving fast neutrons, 
geometrical considerations would necessitate 
placing the recording apparatus at distances 
which are ample to prevent spark-over at these 
voltages. No difficulty is encountered in mag- 
netically separating the ions as this is accom- 
plished by using strong permanent magnets. 
In addition to eliminating all insulating trans- 
formers, one important feature of this design is 
that the high speed pump is placed at the source, 
where it is most effective. 

Figure 1 shows the accelerating tube and the 
method of connecting it to the pump. The tube 
is supported horizontally, the first tube gap at 
the source end being enclosed in a 4-inch brass 
cylinder which is soldered to the pump con- 
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Fig. 1. Detail of accelerating tube and target assembly.* 


nection. Since this brass cylinder and the pump 
are connected directly to the “floating” arc body 
of the source, they are grounded through a high 
resistance. Observations made on an earlier 
tube had revealed the emission of full-voltage 
x-rays from parts of the tube in the neighborhood 
of the source. Enclosing the first tube gap in the 
brass cylinder permits the use of heavy lead 
shielding in that region, as well as providing a 
convenient all-metal pump connection. 

The source of positive ions is a low voltage arc 
source, which has been described elsewhere.* 
The accelerating tube has three focusing gaps 
of the conventional type. It is necessary in a 
tube of this kind that the ions, as they leave 
the first gap, be directed along the axis of the 
tube. This may be accomplished, of course, by 
shifting the position of the ion source. However, 
we find that making the first electrode in two 
parts serves the same purpose equally well. By 
swinging the focusing ring from side to side, or 
by raising and lowering it, the focal spot may be 
shifted over a distance of several centimeters at 
the target end of the tube. The ring electrode 
and the cylinder just behind it are each sup- 


*In Fig. 1 the length of the water jacketed tube just 
before the slits is given incorrectly as 15 cm. This should 


read 30 cm. 
* Zinn, Phys. Rev. 52, 655 (1937). 


ported on a sylphon bellows and are electrically 
connected. The succeeding electrodes are insu- 
lated from each other by 3-inch glass cylinders; 
all electrodes are constructed from 14-inch 
brass tubing. As an added precaution against 
x-rays, these glass sections should be of iead 
glass. 

The high potential is distributed amongst the 
accelerating gaps by means of a voltage divider 
consisting of two 65-foot sections of ;%;-inch I. D. 
rubber tubing in parallel, through which a steady 
stream of water flows. This system has a resist- 
ance of approximately 70 megohms. The water 
flowing in the tubing is used for cooling at the 
target end of the tube. 

Two supports, in addition to the pump con- 
nection, are found to be sufficient; one at the 
target and the other in the middle of the tube. 
These supports are made in the form of long 
insulating rods in order that the scattering 
material in the neighborhood of the neutron 
source be a minimum. 


TARGET CURRENTS 


The arc source produces large ion currents 
only when probe potentials, used to extract the 
positive ions from the arc chamber through the 
probe canal, in excess of 4000 volts are used. 
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This requires that the voltage applied to the 
first tube lens should range upward from 30 kv 


‘in order to obtain a focused beam. It is found, 


for example, that when only the first tube gap 
is used for accelerating the positive ions, 600- 
microamperes of positive ions are focused on 
the target, the probe potential being 6500 volts 
and the focusing potential being 43 kv. The same 
positive ion current is focused on the target 
with potential drops on the three lenses of 
30-20-20 kv, the probe potential under these 
conditions being only 5500 volts. In view of the 
smaller ion current from the source resulting 
from the smaller probe potential, this indicates 
that the application of potential to the last two 
gaps tends to prevent ions from straying so far 
off the axis of the tube that they cannot reach 
the target. 

- With an arc current of 1.2 amps., a potential 
distribution on the tube gaps of 50-25-25 kv 
and a probe potential of 7500 volts, a target 
current of 1.0 milliampere is obtained. Reference 
to Table I of the paper® describing the source 
shows that under these conditions a total ion 
current of about 2.0 milliamperes enters the 
tube. Thus, about one-half of the ions are lost 
in passing down the tube. Slack and Ehrke* seem 
to have found a similar condition to prevail with 
their apparatus. The focusing characteristics of 
the tube are undoubtedly such that a consider- 
able number of ions have directions which are 
sufficiently off-axis so that they cannot pass 
through the slit in front of the target. Perhaps 
increasing the diameter of the electrodes would 
remedy some of this. Target currents in excess 
of 1.0 milliampere are obtained by raising the 
arc current and the probe voltage, but this re- 
quires proportionately greater potentials on the 


first gap. This tube is limited to 60 kv on the first 


lens by spark-over on the outside of the small 
glass cylinders which support the first electrode. 

The target currents reported here are believed 
to be free from the effects due to secondary 
electrons. Three methods of eliminating second- 
ary electron effects have been used with con- 
cordant results, viz., the Dewar flask of Fig. 1 
was replaced by a deep Faraday cage; a strong 
magnetic field from permanent magnets was 
placed across this Faraday cage; and the Dewar 


‘Slack and Ehrke, Rev. Sci. Inst. 8, 193 (1937). 


flask was used as a calorimeter to measure the 
energy carried to the target by the ions. When 
the small ring, shown just in front of the target 
in Fig. 1, is at 180 volts negative with respect to 
the target and the slit, the indicated target 
currents are only slightly in error. 

The target currents are remarkably constant 
and are reproduced to one percent when the 
high voltage is turned off and on again. Once 
the proper taps on the voltage divider have been 
located (the rubber tubing constituting this 
voltage divider is wound on a fiber frame 
suspended over the apparatus; metal connectors 
are inserted at each turn for making contact) 
the only controls necessary are the high voltage 
switch and the probe potential switch. A variac 
in the primary circuit of the rectifier set supply- 
ing the probe potential is very convenient, as 
this potential must be set carefully. For a given 
set-up, i.e., arc-current, potential distribution 
and accelerating voltage, the target current can 
be varied through wide limits by adjusting the 
probe potential with the variac. 


NEUTRON YIELDS 


The only target material with which we have 
had any success when large ion currents are 
used is heavy water ice frozen on a copper 
surface which is cooled by liquid nitrogen. No 
thorough tests of other targets have been made. 
Targets of DsPO, and D;BO; gave off consider- 
able gas when bombarded with 200-500 micro- 
amperes of ions. Since, with this tube, the 
pumping speed at the target is small, considerable 
difficulty was found in keeping a beam on the 
target. Because of this, we abandoned, for the 
present, the attempt to measure the neutron 
yield from these targets. All of the results herein 
reported have been obtained with the D,O 
target. 

In order that the water or paraffin which is 
used for slowing down the neutrons may be most 
effective, it is necessary that the source of the 
neutrons should be as completely surrounded by 
the slowing down material as possible. Conse- 
quently, the target part of the tube should be 
kept as small as feasible. It is quite possible for 
large holes in the paraffin to cause a loss of 
50 percent in the number of slow neutrons which 
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are created. With this in mind, two target 
arrangements have been used. In the first, shown 
in the figure, a stainless steel and copper Dewar 
flask is shaped so that the reservoir part is 
5 inches above the target, to which the liquid 
nitrogen is carried by a 1-inch tube. In the 
second, a copper-to-glass seal is used to construct 
a Dewar flask of small volume. This has the 
advantage that very little liquid nitrogen is 
required for the initial cooling of the flask, but, 
unfortunately, after considerable use, the seal 
developed a fracture. 

All neutron yield measurements were made 
by comparing the 8-ray activity induced in a 
vanadium (V,0;) foil by the D-D neutrons with 
the activity produced by a strong Rn-Be source. 
Both target arrangements permit the long glass 
tube holding the Rn-Be source to be lowered 
inside the Dewar flask until the neutron source 
is just behind the target. The target was sur- 
rounded by a cylinder of slowing-down material 
16 cm in diameter. The detector foil (2 2"’) 
was placed 5 cm below the center of the target, 
in the position shown in the figure. The induced 
activity was measured with a pressure ionization 
chamber of the type described by Amaldi and 
Fermi.5 Because of the difference in energy 
between the D-D and the Rn-Be neutrons as 
they leave the source, the space distribution of 
thermal neutrons will be different for the two 
cases. As a result, one or the other will be 
favored by a measurement which uses a detector 
at one fixed position. The curves shown by 
Amaldi, Hafstad and Tuve® indicate that our 
measurements favor the Rn-Be neutrons. 

For the unresolved beam we observe at 100 kv 
a neutron yield of 6 millicuries per microampere 
of ions. At 124 kv the yield is 9 mC per micro- 
ampere. Total yields equivalent to 4-curies have 
been obtained using either 100 kv or 124 kv. 

Slack and Ehrke,‘ using an unresolved beam, 
report an efficiency considerably less than that 
given here. The proportion of deuterons in their 
beam was probably less than the proportion of 
deuterons in our beam. Magnetic analysis of the 
ions from the present source shows that one can 
expect approximately 15 percent D*, 35 percent 
DD+ and 22 percent DDD* ions. These per- 
centages, together with our measured value of 


5 Amaldi and Fermi, Phys. Rev. 50, 899 (1937). 
* Amaldi, Hafstad and Tuve, Phys. Rev. 51, 896 (1937). 


22 mC per microampere for deuterons give, as 
the expected yield from all the ions, 6.5 mC per 
microampere. Since the percentages of various 
ions depend upon the conditions in the source 
arc, our experimentally determined value is in 
good agreement with this figure. 

We found, using a slit at the target 1 cm 
square, that 15 watts input for one-half hour’s 
bombardment did not appreciably reduce the 
neutron yield. It is useless to express this power 
input in units of watts per cm? because the 
beam is not spread uniformly over the focal spot, 
but has a high density core. At power inputs 
greater than 30 watts, the decrease in neutron 
intensity is rather rapid. Opening the stopcock 
to the heavy water supply for only 2 seconds 
brings the yield back to its original value. Per- 
haps by introducing the water vapor very slowly 
and constantly, this difficulty could be avoided. 

The use of heavy water ice as a target recom- 
mends itself for various reasons, such as, the 
ease of replacement; the fact that it is not 
necessary to break the vacuum in order to secure 
a fresh target; and the fact that letting air into 
the apparatus in no way endangers the target. 
It does have the disadvantages that for large 
currents the cooling of the target becomes 
expensive, and that the neutron intensity de- 
creases with bombarding time. In many experi- 
ments this latter difficulty may be rendered 
insignificant by using the activity induced in a 
foil placed at a standard position as a measure 
of the neutron intensity used in the experiment. 
By choosing a material of proper period, the 
measurement of the activity of the ‘‘monitoring” 
foil can be made after the experimental measure- 
ment is over, thereby requiring the use of only a 
single ionization chamber. 

Because of the decrease of the neutron inten- 
sity with bombarding time and the fact that a 
considerable fraction of the liquid nitrogen is 
wasted by ions which produce few disintegra- 
tions, magnetic separation of the ion beam is 
used. Four light-weight permanent magnets? are 
found to be sufficient to deflect 100 kv deu- 
terons through approximately 10°. A magnetic 
shunt, carried on a screw and operated by 
strings, permits the deflection of the ion beam 
to be varied while the high potential is applied. 
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The deuterons were found by setting the shunt 
at the position which gave the greatest neutron 
yield per microampere of ions. 

With a slit at the target 16 mm wide and 
20 mm high and an angle of deflection of 8°, a 
target current of 200 microamperes is obtained. 
The neutron yield under these conditions at 
100 kv is 22 mC per microampere and at 124 kv 
is 37 mC per microampere. It is estimated that 
these values are correct to within 10 or 15 
percent exclusive of the unknown error due to 
making the comparison with the detector foil in 
only one position. The greater part of this error 
arises from the uncertainty in the strength of 
the Rn-Be sources which were used as standards 
for comparison. Amaldi, Hafstad and Tuve® 
have measured the yield, in mC equivalent, 
from the D+D,0 reaction for voltages from 
1000 kv to 300 kv, and Roberts® shows curves of 
relative yields from 300 kv to 40 kv. From these 
it is estimated that the use of deuterons acceler- 
ated by 100 kv impinging on an ice target should 
give a yield of 21 mC per microampere. The 
value given here is in satisfactory agreement 
with this figure, and is evidence of the fact that 
nearly all the ions arriving at the target are 
deuterons. Our value is also in reasonable 
agreement with the yield of slow neutrons as 
measured by Roberts.® 

Constant neutron intensities equivalent to 4 

8 Roberts, Phys. Rev. 51, 810 (1937). 


curies at 100 kv and 6.5 curies at 124 kv have 
been obtained. For these yields the power input 
at the target is about 20 watts and does not cause 
any serious decay of the target. For instance, 
a 12-minute bombardment does not change the 
neutron intensity a measurable amount, and in 
view of the ease with which the target can be 
renewed, the source of neutrons is, for most 
purposes, sufficiently constant. Due to the fact 
that the voltmeter used in these measurements is 
limited to voltages below 125 kv and that some 
additional corona shielding is required, all 
measurements were made at potentials below 
125 kv. However, constant neutron intensities 
of 10 curies should be possible for voltages 
somewhat less than 200 kv. 

The rate of consumption of liquid nitrogen is 
approximately 400 grams per hour when the 
power input is 20 watts. The amount of D,O 
required is very small, as the targets must be 
quite thin. In fact, an ice layer which is thick 
enough to be just visible is too thick and is very 
quickly reduced to a thin target. 

In conclusion, we wish to express our indebted- 
ness to Professor Harold C. Urey for the gift of 
the pure heavy water used in these experiments, 
to Dr. Francis Carter Wood of the Crocker 
Research Laboratory for the gift of some of the 
high voltage equipment, and especially to Pro- 
fessor Bergen Davis for his interest and helpful 
counsel throughout the course of this work. 
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A method has been developed for observing absorption spectra of high melting point materials 
in the Schumann region. The absorption spectra of manganese and silver have been investigated 
in the region between A800A and \1930A. Many new lines in MnI have been observed and it 
has been possible to link some of these with known levels in the Mn atom. A new sequence of 


terms, the d°snp *P°, has been found in AglI. 


INTRODUCTION 


BEUTLER, in 1933, published the first 
® of a series of papers! describing the inves- 


*Condensed from a Dissertation presented to the 
Faculty of the Massachusetts Institute of Technology. 
t Now at Ohio State University. 
1H. Beutler, Zeits. f. Physik 86, 495 (1933). 


tigation of the absorption spectra of certain 
metallic vapors in the Schumann region. His 
experiments proved very fruitful in establishing 
new series of lines which arise from transitions 
involving the outermost closed shells of the 
atoms investigated. Beutler’s work was limited, 
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however, to the metals of lower melting point 
because the material was vaporized in a glass 
tube in vacuum. The spectral range was restricted 
because Beutler employed a helium continuum 
against which he observed the absorption lines, 
and this extended only from 600A to 1100A. 

Professor G. R. Harrison suggested to the 
author that the development of a method for 
observing this sort of spectrum over a wider 
spectral range and for materials of higher melting 
point would be a profitable field for investigation. 
In the present paper is described the method 
developed for the observation of the absorption 
spectra of high melting point materials in the 
Schumann region, and the results obtained for 
manganese and silver. 


APPARATUS 


The source of continuous radiation employed 
was a Lyman discharge tube similar to the one 
described by Duncan.? The female part of a 
Pyrex grind was supported by a 26 mm tube 
which was sealed with red sealing wax into a 
water-cooled socket soldered to the absorption 
furnace. A 1 mm Pyrex capillary 20 to 30 mm 
long was sealed directly to a tube extending 
from the inside end of the male part of the grind. 

'A tube extending out from the other end of the 
grind supported a copper cup, affixed with sealing 
wax, which carried a tube for introducing gas 
into the discharge tube and a copper wire holding 
an aluminum rod which formed an electrode of 
the discharge tube. 

A 12uf condenser charged to 6000 v was dis- 
charged twice per second through the Pyrex 
capillary from the aluminum electrode to the 
furnace, which was maintained at ground poten- 
tial, though the frequency with which discharges 
occurred could be adjusted. It was found that 
two discharges per second were all that the tube 
could stand. 

A tungsten cylinder 5} inches long and of 3 
inches outside diameter rolled from 15 mil 
tungsten sheet was used as a furnace tube to 
vaporize metals. One inch of each end of the 
cylinder was held in massive, water-cooled copper 
blocks, which served as supports for the tube and 
as electrical connections to transmit the large 


2A. B. F. Duncan, Phys. Rev. 47, 822 (1935). 


currents which were used to heat the furnace 
tube to the desired temperatures. This furnace 
tube was enclosed in a cast bronze box, which 
was water-cooled and protected from the direct 
radiation from the furnace tube by water-cooled 
shields everywhere except at the ends of the tube, 

The current used to heat the furnace was 
supplied by a 220-22 v step-down transformer 
capable of supplying 1500 amperes. The second- 
ary was so arranged that from one to five turns 
could be used to supply current to the furnace. 
A further control on the current through the 
furnace was a length of water-cooled lead tubing, 
any fraction of which could be shorted out, in 
series with the furnace tube. This arrangement 
permitted almost continuous variation of the 
heating current up to 1500 amperes. The tem- 
peratures produced ranged up to 2300°C. 

This furnace was connected directly to the 
spectrograph in such a way that the end of 
the furnace tube was about four inches from the 
spectrograph slit. Between the tube and the 
spectrograph slit was placed a set of baffles and 
the outlet to a fast pumping system, so arranged 
as to decrease the amount of gas and particles 
tending to reach the slit from the furnace. 

The end of the furnace housing away from the 
spectrograph had a 3 mm aperture through 
which light from the discharge tube could enter 
to traverse the furnace tube and strike the slit 
of the spectrograph. The side of the housing was 
equipped with a one-inch glass window through 
which the temperature of the furnace tube could 
be measured with an optical pyrometer. 

The spectrograph employed was a conven- 
tional grazing incidence vacuum spectrograph 
employing a 2-meter, 30,000 line per inch glass 
grating ruled by R. W. Wood. The grating was 
illuminated at 79.5° angle of incidence and the 
plate holder was set to cover the region from 
200A to 1930A. The dispersion varied from 
1.08A/mm at 200A to 2.87A/mm at 1930A. 


EXPERIMENTAL PROCEDURE 


The operation of the Lyman discharge offered 
the greatest experimental difficulties. The di- 
ameter and length of the capillary were not very 
critical, but if the length was more than 40 mm 
or the diameter less than 0.8 mm the tube 
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shattered very readily. If the capillary was shorter 
than 15 mm or the diameter of the capillary 
greater than 2 mm the spectrum produced was 
rich in emission lines, and the intensity of the 
background was much decreased. . 

It was necessary always to warm the capil- 
lary before starting the discharge by running a 
high voltage, uncondensed, oscillating discharge 
through it by means of a leak tester or a small 
high voltage transformer. It was also necessary 
to start the discharge at low voltage and gradu- 
ally increase the voltage to the desired value. It 
was found that the discharge would not operate 
at pressures less than 10-* mm of Hg. It was, of 
course, necessary to maintain the furnace and 
spectrograph at pressures between 10~* and 10~¢ 
mm of Hg or to fill them with a transparent gas 
such as hydrogen, in order to obtain spectra in 
the desired spectral region. However, even 
hydrogen and helium are practically opaque 
below A800A and each of them introduces strong 
absorption bands which might obscure the 
atomic lines for which search was being made, if 
any considerable pressure is used. 

The first attempt was to run the discharge tube 
at a pressure of 10-* mm of Hg. It was found that 
although the furnace itself was maintained at a 
pressure of 10-* mm by the previously described 
pumping system, once the discharge was started, 
the heat produced in the capillary drove out so 
much gas that the discharge would continue to 
operate. At a pressure of 10-* mm Hg in the 
furnace, however, the discharge would fail after 
the first few flashes unless an auxiliary kick from 
a leak tester was used. Since the Cenco leak 
testers available were not built for continuous 
operation and soon fail if operated in that man- 
ner, a special contact maker was added to the one 
used for the discharge tube, which turned on the 
leak tester an instant before the contact for the 
main discharge was made and kept it going until 
the discharge occurred. Thus, the leak tester was 
on approximately 10 percent of the time. This 
scheme proved very satisfactory and runs an 
hour long could be made, maintaining the furnace 
and spectrograph at pressures of 5X10-* mm of 
Hg or less without failure of the leak tester or 
the discharge tube. 

Another method of maintaining the discharge 
which proved very satisfactory was controlling 


the pressure in the discharge tube by admitting 
hydrogen to it through a palladium tube sealed 
in lead glass, the temperature of which could be 
accurately controlled by means of a potential 
divider and an electrical heating coil. With this 
scheme the pressure in the spectrograph rose 
from 5X10-° mm to 10-* mm of Hg during an 
hour-long run. Under these conditions the atomic 
lines of hydrogen appeared strongly in absorp- 
tion, but only the strongest members of the band 
systems showed up. 

In using the furnace to produce vapor for ab- 
sorption studies, ordinarily from 1 to 5 grams of 
the material was placed in a small boat in the 
center of the furnace tube. The furnace was then 
sealed and evacuated and the tube heated to a 
temperature a little above the melting point of 
the material to be studied, for about 10 minutes. 
This procedure served to remove practically all 
the grease and other volatile impurities from the 
furnace. The pressure in the furnace and spec- 
trograph ordinarily rose from 10~* to 10-? mm 
of Hg during this process. Upon shutting the 
furnace off, or upon continued heating, the 
pressure slowly fell again to the original value. 
When the furnace was turned on again and 
heated to temperatures as much as 800°C to 
1000°C above the melting point of the material 
being studied there was seldom an appreciable 
change in the pressure in the spectrograph or the 
furnace during runs up to an hour long. 

Since the range of the spectrograph is rather 
wide and the emission of the source extends over 
the entire region and overlapping orders are not 
desirable in absorption studies, it was necessary 
to break the spectrum up into sections and study 
one portion at a time. A very convenient method 
of isolating the region between 1200A and 1900A 
was available by use of excellent LiF windows 
obtained from Professor D. C. Stockbarger as 
filters to eliminate wave-lengths shorter than 
1200A. A clean freshly cleaved piece of this 
material, 0.5 mm thick, was found to transmit 
approximately 50 percent of the incident light 
above 1300A. At wave-lengths shorter than 
1300 the transmission appeared to drop off 
rather sharply to complete opacity somewhere 
near 1050A. By introducing hydrogen, helium 
or nitrogen, with the oxygen removed by passing 
over hot copper filings and the water vapor 
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Fic. 1. Overlapping absorption and emission lines of Si II. 


removed by liquid-air traps, into the body of the 
spectrograph at pressures of from 0.5 to 1.0 mm 
of Hg, it was found possible to isolate the region 
between 800 and 1600A. At wave-lengths shorter 
than 1300A exposure times were from 3 minutes 
to 15 minutes. In the region between 1300A and 
1900A exposure times ranged from 30 minutes 
to an hour. At wave-lengths shorter than 800A 
there was no method available for eliminating 
overlapping orders. This may account for my 
failure to observe any absorption lines below this 
point. 

The silver used in this study was obtained in 
small granules and in the form of 2 mm wires. 
The purity was fairly high; the emission spec- 
trum showed traces of Na, K, Ca, and Fe to be 
present. The metal was placed in the furnace and 
baked out, as has been described, then the ab- 
sorption spectrum was photographed with fur- 
nace temperatures varying from 1000°C to 
1600°C by steps of 100°. One picture was taken 
with the furnace at 1900°C in an attempt to 
bring out more series members, but the silver 
disappeared so rapidly that even after five 
minutes exposure the absorption lines were 
pretty well filled up. At 1500°C the silver 
evaporated so fast that it was necessary to 
remove the window and clean it three times to 
obtain a 30 minute exposure in the region 
1300A-1900A. With a boat 22 inches long and 
3’; inches deep it was easy to put enough material 
in the furnace to last 30 minutes at 1400°C. At 
1500°C and 1600°C it was necessary to fill the 
boat twice during a 30 minute exposure. 

The manganese used was obtained from 
Mackay Chemical Company and was of such 
purity that the emission spectrum showed only 
slight traces of impurities. The absorption 
spectrum of the element was photographed with 
the furnace at temperatures from 1200°C to 
1800°C with the temperature varied in steps of 


200°C. Manganese seemed to evaporate from the 
furnace tube much more rapidly than silver, once 
the melting point had been passed. It was 
necessary to charge the furnace tube every 
fifteen minutes at temperatures up to 1400°C 
and every ten minutes at higher temperatures, 
At 2000°C five grams of manganese completely 
disappeared from the furnace tube during a five 
minute exposure. 

In addition to the data obtained from absorp- 
tion studies new information was obtained on 
the emission spectra of manganese and silver. 
Hollow cathode and arc pictures of silver were 
taken on a 1-meter normal incidence vacuum 
spectrograph and on a 21 foot grating, and ona 
2-meter broad range vacuum spectrograph. Arc 
emission plates of manganese obtained on the 
M.I.T.-W.P.A. wave-length program were also 
used. Measurements made on these plates gave 
excellent wave number agreement. 


RESULTS 


The characteristics of the emission spectrum 
from the Lyman discharge tube were of consider- 
able interest. The origin of the continuous radi- 
ation is not definitely known, but it is thought 
to be emitted by hot particles torn out of the 
walls of the capillary by the disruptive discharge. 
The equivalent temperature of the discharge 
varies considerably with applied voltage, with 
the condenser capacitance discharged through 
the capillary, and with the pressure of gas within 
the capillary. These changes of temperature are 
evident from the appearance of atomic lines in 
the spectrum produced. By far the strongest 
emission lines on the plates were those of Si IV, 
N IV and O IV and O V. The lines of Si III and 
C III and C IV were always present in emission. 
The lines of B I, Si I, C I, and N I always ap- 
peared in absorption. The lines of B II and Si II 
appeared in emission when the discharge was 
comparatively cool, but when the discharge was 
hot these two ionized spectra appeared in ab- 
sorption. At an intermediate temperature a 
peculiar condition existed in which certain lines 
of Si II appeared both in absorption and emis- 
sion. A microphotometer trace of one of these 
lines has the appearance of the curve in Fig. 1 
where the density of the blackening is plotted as 
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»m the ordinate and wave-length as abscissa. The total The appearance of these lines of silicon, boron, 
r, once spread of the lines is in general about 0.4A. carbon, nitrogen, oxygen and hydrogen made it 
t was The explanation of the phenomenon seems to _ possible to measure the plates without the use of 
every be that at the start of the discharge some of the any special source for producing standard lines. 
400°C Si atoms emit the lines of the Si II spectrum. Because of the fact that there were many ab- 
itures. The emission wave-length is shifted slightly by sorption lines on the plates from the source 
letely the fact that there exists a strong electric field in itself, and the fact that the number and intensity 
a five the capillary. As the contact breaks and the field of these lines varied somewhat with different 

is removed the temperature of the discharge discharge conditions, it was not an easy task to 
bsorp- continues to rise and sufficient singly ionized decide that any given absorption line arose from 
ed on silicon atoms are produced to give the absorption the vapor in the furnace and not from the dis- 
silver. spectrum of Si II in the continuous radiation charge tube. However, by taking several pic- 
r were from the hot gas of the discharge. This occurs in tures of the absorption spectrum at each furnace 
2cuum a field-free space so the position of the absorption temperature and comparing these with several 
d ona line is the true position of the Si II spectrum line. _ pictures of the source taken with the furnace cold, 
h. Arc Attempts to measure the positions of these two and by observing the increase in the intensity of 
m the lines with any accuracy have failed because of the lines with furnace temperature it was 
e also the difficulty of determining the centers of possible to decide very definitely, in most cases, 
5 gave gravity of an absorption and an emission line whether a given line did or did not arise from the 


when the two are partially superposed. However, yapor produced in the hot furnace. 
the measurements seem to bear out the above 


theory. It was further observed that at the MANGANESE (Z=25) 
highest temperatures most of the lines of Si IV ‘ 
ctrum appeared heavily self-reversed, some symmetri- The absorption spectrum of manganese was 
— cally and some asymmetrically. photographed from 500A to 1930A. The absorp- 
ought TABLE I. Absorption lines of manganese in Schumann region. TasLe II. Identification of new lines in manganese. 
of the WavE- WAVE Wave- WAVE Wave- | Os- 
harge. LENGTH INTEN- | NUMBER LENGTH INTEN- | NUMBER LENGTH SITY cu"! cM-! TRANSITION SERVER 
(A) SITY (cm~!) (A) SITY (cm™~) 
charge 6440.95 5 15521.38} C 2° —b K 
with 1923.05 | 0? 52000.73 64.27 | 2 293.4 39.143 1 525.73) C 3° —b 6S K 
22.53 | 1 014.79 63.95 | 1? 308.3 38.124 1 528.191 C 4°—b Sy K 
rough 18.34 | 1 128.40|} 63.62 | 2 323.7 6223.78 1 16062.97| C K 
vithin 14.03 | 0? 245.78} 63.10 | 1 348.0 5543.44 1 18034.34| —0.05 5°—b K 
13.70 | 2 254.79}, 62.40 | 1? 380.7 4621.0 tu | 21634.3 | —0.1 a 
re are 1877.55 2 53260.90 59.36 2 $22.2 20.2 | 21638.0 | —0.2 a Py? —b*Dy K 
nes in 76.48 | 4 291.27)| 5440 | 3 756.9 19.24 1 21642.54, C a Py? —b *Dy K 
75.81 | 5 310.31 52.48 | 3 847.8  4583.048| 2 21813.45| —0.05 6°—a Dy 
ongest 58.59 | 1 804.23)| 50.95 | 2 920.4 82.804, 2 | 21814.61| —0.05 6° —a *Dy K 
Si IV 58.18 | 1 819.00 50.05 | 0? 963.1 3731.935| 3 26788.16| —0.06 5°—b &Sxy K 
01.98 | 2 55494.5 49.68 | 2 980.7  2796.937| 1 35742.88| 0.05 K 
‘I and 1785.53 | 2? | 56005.8 || 48.61 | 1 69031.7 91.273, 1 |35809.63| -0.28| K 
ission 85.39 | Sdb 010.2 48.09 | 0 056.5 89.36 2 35839.97| —0.04 v —a K 
56.72 | 2 924.3 47.74 | 2d 073.2 78.554) 2 35979.35| —0.10 4° —a *Dy K 
yS ap- 56.60 3 928.2 23.49 1 70249.9 76.223 2 36009.55 00 v 6P24°—a*Dy K 
1 Si II 56.51 2 931.1 23.20 | O 264.2 60.924 1 36209.08| —0.04 —a K 
32.62 | 5 57716.1 21.35 1 355.6 2221.827| SOR 44993.96) 0.08 x *Py9—a P 
e was 17.11 4 58237.4 19.22 1 461.2 13.847} 40R 45156.13| 0.05 x —a P 
was 06.69 2 592.9 04.70 1 71189.6 08.807} 25R | 45259.15| —0.03 x P 
1670.81 3 59851.2 04.50 | 2 199.7 1877.55 2 53260.90| 0.52 v*Py9 —a *Sy P 
n ab- 43.06 | Sd | 64806.3 00.72 | 1 71391.8 76.48 4  |53291.27) 0.21 x9 —a P 
1490.50 | 5 67091.6 || 1398.47 | 0 506.7 75.81 5 53310.31| 1.01 *Py° —a P 
ure a 85.36 | 0 323.7 || 47.15 | 2 74230.8 is0108 | 2  |55494.5 | -0.2 P 
1 lines 85.10 | 0 335.5 14.01 | 3d 76102.9 1756.72 |se024.3} 1.1 2° —a *Sx P 
. 78.54 | 2d? 634.3 || 1267.44 | 2D 78899.2 56.60 3 928.2 1.5 3° —a 8S P 
emis- 78.32 | 1 644.4 || 1100.64 | 1 90856.2 56.51 2 931.1 | 1.0 *Sy P 
these 65.27 | 1? 68246.8 || 1100.24 | 1db 889.3 1464.27 2 68293.4 | —1.4 5°—a *Sxy P 
é 65.07 0? 256.1 || 1099.87 1 919.8 59.36 2 522.2 | —0.4 6°—a *Sy P 
Fig. 1 1085.01 | 1 92165.0 s24s| 3 8478 | 20 | P 
ted as = 
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tion lines observed are listed in Table I. In the 
first column are the wave-lengths in Interna- 
tional angstrom units. In column two are the 
intensities and notes as to the characteristics of 
the line. The intensities are visual estimates. 
The notations are as follows: d, diffuse, db, 
double, ? indicates that there remains some 
doubt as to whether the line is really man- 
ganese, D, very diffuse. In the third column are 
given the wave numbers of the lines. 

Each of the wave-lengths given in this table 
is the average of measurements on at least two 
plates, and all but the lines of lowest intensity 
were measured at at least two temperatures. 
Intensity estimates were made from plates taken 
at the highest temperature used. 

Manganese has twenty-five extranuclear elec- 
trons, with the 3d°4s? ®S., term as a ground state. 
The next level is 17000 cm~ above this and 
arises from the configuration 3d°4s. The first 
members of the d*°s(7S)nP, d°s(§S)np and d°(°D)np 
series have been established by the work of 
McLellan and McLay and by Catalan as given 
by Bacher and Goudsmit.’ In addition to the 
6P° terms from these configurations there is a 
at 10,050 (Bacher and Goudsmit) and 
another at 6675 cm™ recently correctly placed 
by Meggers,‘ the configurations of which have 
not been established. 


TABLE III. Absorption lines of silver in the Schumann region. 


WAVE- 


LENGTH INTENSITY 
1893.12 1 52822.8 
17.54 1 §5019.4 
1776.80 0 56281.0 
1651.55 3 60549.2 
49.95 2 60607.9 
1578.47 1 63352.5 
1549.14 100D 64551.9 
15.60 100D 65980.5 
07.50 50d 66335.0 
1472.35 1 67918.6 
55.02 1 68727.6 
33.93 2 69738.4 
31.68 69848.0 
1310.95 1 76280.6 
10.50 1 76306.8 
1283.12 2d 77869.5 
06.51 4 82883.7 
1148.87 15d 87042.1 
32.30 2 88315.8 
1072.80 5 93214.2 
32.33 2 96869.3 


3 Bacher and Goudsmit, Atomic Energy States. 
4 W. F. Meggers, Nat. Bur. Stand. J. Res. 10, 757 (1933). 
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Fic. 2. Variation of (a2) quantum defect and (0) relative 
position of d!°ns and d!°np with total quantum number, 


It has been possible to identify a few new lines 
with the data compiled in this study. These are 
listed in Table II. Column 1 gives the wave- 
length, column 2 the intensity, column 3 the 
wave number, column 4 the difference between 
the observed and calculated value of the wave 
number, column 5 the transition and column 6 
the author who observed the lines. K indicates that 
the wave-length is from Kayser’s [/andbuch; P 
that the measurement was made by the author. 
Measurements at wave-lengths longer 1930A 
were made on emission spectrograms. Shorter 
wave-lengths are from absorption plates. Those 
transitions for which an estimated error is 
replaced by a C were used to determine the 
position of the energy level directly. 


SILVER (Z=47) 


In Table III is the list of absorption lines 
found in the silver spectrum. The conventions 
observed in Table I have been followed in com- 
piling Table IIT. 

Silver has 47 extranuclear electrons and a 
configuration ending with 4d'5s, giving a *S; 
term as ground state. The known spectrum of 
Agl arises from excitation of the s electron. The 
terms arising from the configurations d°s*, d°sp, 
d°sd etc. are as yet unknown. Almost all the 
strong lines in the emission spectrum of AgI have 
been assigned to transitions, so the emission 
from the d°s*, d°sp, etc. levels must be very 
weak. The knowledge of this spectrum is also 
very limited with respect to the principal series, 
of which only the first two members are known. 

In Table III there are three lines of low 
intensity, with wave-lengths greater than 1636A 
where the principal series in silver should con- 
verge. Of these 1817 and 1776 have approximately 
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the proper intensity and position to be the third 
and fourth members of the principal series. If 
these two lines are identified as members of the 
principal series the variation in the quantum 
defect which results is shown in Fig. 2(a) and the 
relative positions of the d'°ns and d'°np levels is 
shown in Fig. 2b. Although the relative positions 
of d'°ns and d'°np are approximately what is to 
be expected and the variation in the quantum 
defect is no more than would be expected from 
perturbations of the levels, it is hardly justifiable 
to include these lines in the principal series until 
combinations between the ?P°,,, , levels involved 
and even terms above the ground state have been 
identified. These combinations, which lie at 
longer wave-lengths than 7000A, have not been 
observed in previous work nor in my observations 
of the emission spectrum. 

The outstanding characteristic of the absorp- 
tion spectrum of silver in the Schumann region 
is the presence of three extraordinarily intense 
lines at 1507, 1515 and 1550. Professor Shenstone 
has suggested that these three lines may occupy 
the same position in the silver spectrum that 
2181, 2178 and 2165 do in the spectrum of Cul. 
The line at 1549 is nearly coincident with a 
strong emission line and was at first not recog- 
nized as an absorption line. 


TABLE IV. Series in silver arising from the*S—*P° transition. 


WAVE-LENGTH INTENSITY cm! n n—n* 
1515.60 100D 65980.5 5 3.61 
1507.50 50d 66335.0 
1148.87 15d 87042.1 6 3.58 
1072.80 5 93214.2 7 3.71 
1032.33 2 96869.3 8 3.59 


The doublet at 1507-1515 is the first member 
of a series arising from the ?S—*P® transition. 
The series is listed in Table IV. 

This series arises from the transitions between 
the d'°s 2S, level and a sequence of inverted ?P 
terms arising from the configurations d°snp; 
n : 5, 6, 7, 8. The quantum defect is very nearly 
constant except for the term of total quantum 
number 7. The variation in this term may be due 
to a perturbation, but it corresponds to a dis- 
placement of 530 cm~. A more likely possibility 
appears to be that the true line is obscured in 
the wings of 1066.3 of Si IV which is very strong 
on the plates. The calculated wave-length of 
the lines using a quantum defect of 3.59 is 
1066.55A. 

An attempt was made to observe the emission 
lines arising from transitions between the 
d°s5p?P°,,, 5 levels and levels above the ground 
state in AgI. A pair of lines 4267.75 and 4203.95 
of intensities 2 and 1 respectively was observed, 
which has been identified as arising from the 
transition d°s5p?P°,,, ,—d'°6s 2S,. The line at 
4203.95 was partially covered by a Rowland 
ghost of the strong line 4212.68, but it is believed 
that a fairly accurate measurement of the wave- 
length was obtained. Lines corresponding to no 
other transitions were identified. 

The absorption lines which have not been 
arranged in series probably arise from some of 
the remaining terms given by the d*snp con- 
figuration. 

The author wishes to thank Professor G. R. 
Harrison for his advice and assistance during the 
course of this work. 
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Several Sn lines have been observed in sensitized fluorescence and in a low voltage Tesla 
discharge. The fluorescence and the discharge were produced in a fused quartz tube containing 
Sn and Hg and heated by a blow torch and Bunsen burners. A Hanovia SC 2537 tube was used 
as a light source. The Sn lines observed in fluorescence with their estimated intensities are 
4525 (2), 3801 (2), 3331 (4), 3262 (10), 3175 (3), 3034 (10), 3009 (2), 2863 (2), 2840 (10), 2851 
(1), 2706 (8), 2661 (3), 2547 (2), 2430 (1), 2355 (0.2). The most intense Sn lines except 3034 are 
those of low energy discrepancy with excited Hg atoms. The abnormally high intensity of Sn 
3034 which agrees with a corresponding effect in the sensitized fluorescence of Pb may indicate a 
new selection rule for collisions of the second kind. 


T was first shown by Cario and Franck! that 

a mixture of Tl and Hg vapors would emit 

TI lines in fluorescence when illuminated by the 

Hg resonance line 2536. Later experiments have 

demonstrated that this effect could be observed 

for mixtures of Hg vapors with the vapors of 

Cd, Ag, In, Na, Pb, Bi, and Zn.? Low vapor 

pressure metals such as Sn with a boiling point 
of 2270°C were not tried. 

The present investigation has shown that 
sensitized fluorescence can be observed for a 
mixture of Hg and Sn at 900°C even though 
the vapor pressure of Sn at this temperature is 
less than 10° mm of Hg. 

The possibility of obtaining sufficient Sn 
vapor for fluorescence in a quartz tube became 
apparent when the spectrum of a Tesla discharge 
through a tube containing Sn and Hg was found 
to give Sn lines. 


APPARATUS 


The apparatus used for both discharge and 
fluorescence is shown in Fig. 1. A quartz tube 
7 mm in diameter and 14 cm long containing 
some pure Sn metal was outgassed at 900°C for 
several days. Some mercury was then distilled 
into the tube and the tube sealed off. The tube 
was mounted in a nearly horizontal position as 
shown in the figure. Light from the tube was 
focused on the slit of a small Hilger spectrograph 
with an aluminum coated concave mirror. A 


1G. Cario, Zeits. f. Physik 10, 185 (1922). 
2A. C. G. Mitchell and M. W. Zemansky, Resonance 
Radiation and Excited Atoms, p. 59. 


discharge was excited through external electrodes 
by a small Tesla coil. Bunsen burners were used 
to heat the ends of the tube and a bead of tin at 
the center was heated by a hydrogen air blow 
torch. 

For observations on fluorescence, light from a 
Hanovia SC 2537 tube was focused on the hot 
bead of tin. Some exposures were made using 
the method of focal isolation to eliminate all but 
2536 from the exciting light. The use of a 
hydrogen air blow torch was necessary since the 
light from a gas air or gas oxygen flame covered 
such a wide spectral range that many of the 
fluorescence lines were obliterated. The Hg 
pressure required for Sn fluorescence was not 
critical and could be regulated sufficiently well 
by the Bunsen burners. 

The temperature attained in the hydrogen air 
flame was determined by heating a _ chromel 
alumel thermocouple in a quartz tube of the 
same diameter as the fluorescence tube. It was 


Bunsen 
Burner 


Fic. 1. Arrangement of apparatus. 
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SENSITIZED FLUORESCENCE 


found that heating in a vacuum or in air gave 
the same temperature. The maximum tempera- 
ture which could be reached was 900°C. 


RESULTS 


The spectrum of a Tesla discharge through 
Hg and Sn vapors is shown in Fig. 2, No. 2. 
Fig. 2, No. 1 shows the spectrum of a carbon 
arc containing Sn metal. If the intensities of 
the Sn lines relative to each other in the carbon 
arc is considered normal, it is seen that some of 
the Sn lines are strongly enhanced relative to 
neighboring Sn lines in the Hg-Sn discharge. 
The wave-lengths of the enhanced Sn lines are 
3262, 3034, 2840, and 2430. 

Sensitized fluorescence of Sn was obtained 
with exposures of about 30 to 40 minutes. Fig. 2, 
No. 4 shows one of the spectrograms when focal 
isolation of 2536 in the exciting light was used. 
Fig. 2, No. 3 shows the spectrum of the hydrogen 
air flame and No. 5 is the spectrum of the flame 
and scattered light when the Hg pressure was 
too low for Sn fluorescence to be excited. The 
complete list of Sn lines observed in sensitized 
fluorescence with their estimated intensities is 
given in Fig. 3. 

The Sn fluorescence lines of greatest intensity 
are those which were enhanced in the Hg-Sn 
discharge. 

The spectra of the fluorescence with and 
without focal isolation of 2536 gave the Sn lines 
with the same intensities relative to each other 
except for 2429 and 2354. 2429 was much fainter 
and 2354 entirely absent when focal isolation of 
2536 was used. 

An attempt to observe the sensitized fluores- 
cence of Sn in Hg with apparatus like that used 
for Zn* gave negative results up to 900°C. At 
900°C the quartz tube reacted with its asbestos 
support to devitrify and crack the quartz. The 
transmission of quartz for the Al spark lines 
1854 and 1862 was found to be very small at 
temperatures above 600°C. 


DISCUSSION 


Previous experiments on sensitized fluores- 
cence have demonstrated the rule that high 
intensities are associated with low energy dis- 


3J. G. Winans, Phys. Rev. 30, 1 (1927), 
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2536 2706 2840 3034 3262 
| 


Fic. 2. No. 1, spectrum of carbon are containing tin; 
No. 2, Tesla discharge through mercury and tin vapors; 
No. 3, hydrogen air flame; No. 4, spectrogram with focal 
isolation of 2536 in the exciting light; No. 5, spectrum of 
the flame and scattered light when mercury pressure was 
too low for tin fluorescence. 


crepancies (energy difference between the excited 
states of the absorbing and fluorescing atoms). 
Fig. 3 shows the energy levels of Hg, and those 
of Sn as obtained by Sponer* and by Back. 
The energy discrepancies are shown in Table I. 
The intensities of the Sn lines observed in 
sensitized fluorescence and in the Hg-Sn dis- 
charge are in agreement with the rule stated 
above except for 3034. In considering the energy 
discrepancies, account must be taken of the fact 
that the average thermal energy involved in a 
collision between two atoms at 900°C is 0.3 
volts. Since thermal energy can be added to 
excitation energy to produce excited atoms, the 
energy discrepancy between Hg 2*P») and Sn 
1P,° and *P.2° can be considered as very small. 
The observed high intensities of 2840, 2706 and 
3262 are to be expected. In the excitation of 
and *P,° of Sn by 2°P; and 2°P,) Hg atoms 
the energy discrepancies are larger and the 
intensities of lines originating from these levels 
should be correspondingly less. The intensities 
of 3801, 3175, 3009, and 2863 are low as ex- 
pected, but the intensity of 3034 is very high, 
contrary to expectations. The same relatively 
high intensity for 3034 was observed in the Tesla 
discharge spectra. 

The possibility of an error in the classification 
of 3034 is slight since it checks measurements on 


the Zeeman effect® and the initial level for 3034 


4H. Sponer, Zeits. f. Physik 32, 19 (1925). 
5 E. Back, Zeits. f. Physik 43, 309 (1927); J. B. Green 
and R. A. Loring, Phys. Rev. 30, 574 (1927). 
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Fic. 3. Complete list of tin lines observed in sensitized 
fluorescence. 


is the final level for three infrared lines classified 
by Randall and Wright.° Also 3034 can be 
reversed in the arc and must therefore have a 
final level of low energy. 

The high intensity of Sn 3034 (®P,;—*P,°) in 
comparison to Sn 3009 (*P; —*P,°) in fluorescence 
in Hg vapor or in the Hg-Sn discharge but not 
in an arc indicates a process which favors the 
excitation of Sn *P," over *P;° in collisions of the 
second kind with Hg 2*P, or 2*Po. 

An effect similar to this seems to be shown 
by an experiment of Kopfermann on the sensi- 
tized fluorescence of Pb in Hg vapor.’ Kopfer- 
mann observed Pb 3683 (*P,;—*Po) and not 
3640 (*P,—*P;) in fluorescence. The initial levels 
for these two lines have energies 4.60 and 4.36 


TABLE I. Energy discrepancies in volts. 


Hg Sn | 3P? | | 3Po° 
23P; 0.019 0.097 0.556 0.588 
23Po | —0.199 —0.121 0.338 0.370 


931} M. Randall and N. Wright, Phys. Rev. 38, 457 
(1931). 
7H. Kopfermann, Zeits. f. Physik 21, 318 (1924). 
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volts. The line with the greater energy dis- 
crepancy is the stronger, in contradiction to the 
usual rule. 

The relative abundance and effectiveness in 
collisions of the second kind of 2*P, and 2*P,) Hg 
atoms and excited Hge molecules is difficult to 
determine. Mrozowski® has recently obtained 
evidence that excited Hgs molecules may produce 
sensitized fluorescence. The action of Hge mole- 
cules in the present investigation is probably 
very slight, since it has been shown that at the 
temperatures reached in a blow torch Hg bands 
do not appear in a discharge.* The relative 
abundance of 2°P; and 2°P) Hg atoms can be 
expected to follow a Boltzmann distribution 
since Hg atoms under the conditions of this 
experiment would make 10° collisions with other 
Hg atoms while making one collision with a Sn 
atom. At 900°C there would be seven 2*P» to 
one 2°P; Hg atoms. 

Assuming that 2*P,) Hg atoms produce the 
abnormal intensities of Sn 3034 and Pb 3863 in 
collisions of the second kind, it appears that the 
transition O—O normally forbidden in the Hg 
atom takes place more readily if producing a 
O—O transition in a colliding atom. Further 
experiments are needed before this can be 
accepted as a general. rule. 

The writers wish to acknowledge the assistance 
of Dr. S. Winston Cram in the preliminary 
work with the usual type of sensitized fluores- 
cence apparatus, and of Professor J. E. Mack 
in checking classifications of Sn lines. 

This investigation was supported in part by 
a grant from the Wisconsin Alumni Research 
Foundation. 


8S. Mrozowski, Acta Phys. Pol. 6, 58 (1937). 


9J. G. Winans, Phys. Rev. 45, 125 (1934). Fig. 2, No. 2 
shows how the Hg» band at 3300 is quenched by the heating 
necessary to bring out the Sn lines. This picture was taken 
with a reduced image of a vertical discharge tube focused 
on the spectrograph slit. The tube was heated at the 
center by a blow torch. 
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A Mass-Spectrographic Study of the Isotopes of Hg, Xe, Kr, Be, I, As, and Cs 


ALFRED O. NIER* 
Harvard University, Cambridge, Massachusetts 


(Received September 2, 1937) 


A new mass spectrometer is described which has been constructed for the purpose of making 
accurate determinations of relative abundances of isotopes. The high intensity and high resolv- 
ing power of the apparatus allow the search for rare isotopes to be extended beyond previously 
attainable limits. The elements Hg, Xe, Kr, Be, I, As, and Cs have been investigated. Measure- 
ments of the relative abundances of the Hg, Xe, and Kr isotopes were made. A search was made 
for other isotopes than those already known, but none was found. The nonexistence of Hg” is 
confirmed, and the existence of Hg? is shown to be extremely doubtful. Cs, As, and I are shown 
to be single to a very high degree. A search for Be* revealed that if it existed it must be less than 


1/100,000 of Be’. 


HE growth of nuclear physics has made 

necessary a more exact knowledge of the 
isotopic constitution of the elements. The 
existence or nonexistence of rare isotopes must 
be established, and more should be known about 
the relative abundances. In this paper will be 
described a mass spectrometer of extremely high 
resolving power and sensitivity, especially de- 
signed for searching for rare isotopes and 
measuring relative abundances. 

For the elements studied here, a search for 
possible rare isotopes was made in all the mass 
number positions in the immediate neighborhood 
of the known isotopes. In a number of these 
positions one would hardly expect to find stable 
isotopes as radioactive ones have already been 
reported for them. In these cases, the low upper 
limits for abundances given here may be inter- 
preted as additional evidence for the instability 
of the positions. In a systematic study of the 
sort undertaken here, it seems worth while to 
record all such facts. 


APPARATUS AND PROCEDURE 


A diagram of the mass spectrometer is shown 
in Fig. 1. In principle it differs little from that 
previously described.! The present apparatus is 
considerably larger, and is designed to operate 
between the poles of an electromagnet instead 
of inside a solenoid as was previously the case. 
Because of the larger geometry and greater 
magnetic field the resolving power has been in- 


* National Research Fellow. 
1 Nier, Phys. Rev. 50, 1041 (1936). 


creased considerably without a loss in sensitivity 

The metal parts were constructed entirely of 
Nichrome V, except for the analyzer /7, which 
was made of copper. A Pyrex glass housing 
covered with electric furnaces enveloped the 
metal parts. 

Electrons from the tungsten filament F are 
accelerated by a voltage connected between F 
and A. They follow the magnetic lines of force 
and are caught on the plate E in the box attached 
to A. On their way across the tube they produce 
positive ions which are drawn through the slit 
S; by a potential applied between D and B. 
The beam consisted of a ribbon of electrons 
about 2 mm wide and 0.2 mm thick. 

Those ions which pass through the slit S; are 
further accelerated by a large potential between 
B and C. A certain fraction of these then passes 
through slit S, into the 180° analyzer. In the 
analyzer all ions travel in circular paths; those 


cM 


Fic. 1. Diagram of mass spectrometer. Slits S; and 
S:=0.2 mm, Slit S;=0.3 mm. The magnetic field is 
perpendicular to the paper in the cross-sectional view 
shown at the left. 
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_ Fic. 2. Mass spectrum showing the isotopes of mercury. Hg'™ just visible. Positive ion current 
is expressed in terms of meters deflection of galvanometer at its highest sensitivity. One meter 


represents about 2.5107 amp. 


which have the proper ratio of mass to charge 
emerge through S; behind which they are 
collected by the plate P and measured by an 
electrometer tube amplifier. 

If the energy of the ions is varied, one can 
sweep over the mass spectrum. The magnetic 
field was held constant by a special vacuum 
tube compensator attached to the generator 
supplying the power for the electromagnet. No 
difficulty was had in holding the magnetic field 
constant to one part in 10,000. In practice, the 
magnetic field employed for a given element was 
such that the ions needed approximately 1200 
volts energy to travel in the required path, a 
circle of five inch radius. The radius of the pole 
face of the magnet was seven inches, and the 
air gap width was two inches. 

The accelerating voltage given the ions was 
applied by means of a voltage divider connected 
between D, B, and C in such a fashion that the 
drop between D and B was always a given 
fraction of that between D and C. As pointed 
out by Bleakney,’ this is desirable, as then all 
ions regardless of m/e value will have traveled 
the same paths before entering the analyzer. 


? Bleakney, Am. Phys. Teacher 4, 12 (1936). 


Because of the trochoidal motions of the ions 
in going from S, to S2 the plate C does not lie in 
a radial plane of the analyzer. It is tilted at a 
small angle « (approximately 3°) as indicated 
in the diagram. The ions thus enter the analyzer 
at the proper angle to travel in the center. 

As the apparatus is entirely free of wax and 
grease joints, it can be baked and thoroughly 
outgassed before the introduction of an unknown 
element. Only a trace of CO, COs and water 
vapor are found present after such treatment. 
No other residual gasses can be detected so that 
the danger of mistaking a residual gas for a rare 
isotope is entirely negligible for all the elements 
studied. Because of the extremely low pressure 
of the water vapor present and the complete 
absence of grease vapor, troublesome hydrides 
are never formed. 

For the measurement of relative abundances 
and the detection of rare isotopes, electrical 
measurement of ion currents such as is employed 


TABLE I. 


198 | 199 | 200 | 201 | 202/ 203 | 204 
57.6| 78.7| 44.6| 0 | 22.7 
56.2 | 81.1 | 46.6 | 100 |(0.02)/ 23.4 


Mass NuMBER 196 | 197 


Abundance 0.50 
Aston’s values | 0.34 


0 | 34.2 
(0.03)| 33.7 
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here has many advantages over photographic 
recording. The quantitative measurement of 
intensities by the photographic method is, at its 
best, tedious, and is subject to many errors. 
The direct measurement of current with electrical 
instruments is to be preferred. 

In the work to be presented here, the abun- 
dance of an isotope is assumed to be proportional 
to the positive ion peak it produces in the mass 
spectrogram. Sometimes, especially if large space 
charges are present, it is not correct to assume 
this, as the apparatus may discriminate. If this 
is the case, one always finds that an abundance 
ratio will be a function of some of the conditions 
in the tube, such as the pressure, electron 
current, or other factors. Conversely, if the 
abundance ratio remains constant in spite of 
large changes in all the possible variables, one 
is quite certain that the value is correct. In all 
of the work presented here, this point was 
carefully checked, and it is believed that the 
values given are correct within the limits of 


error imposed. 
RESULTS 
Mercury*® 


A typical mass spectrum obtained is shown 
in Fig. 2. The isotopes found and their respective 
abundances are listed in Table I. Aston’s* 
values, converted from percentage to relative 
abundances are also included. 

The mean mass number is 200.61. When 
allowance is made for the packing fraction of 
+0.8 and for the conversion factor of 1.000275 
in going from the atomic to the chemical scale, 
a chemical weight of 200.58 is obtained. Aston’s 
figures yield a value 200.60. The present Inter- 
national value is 200.61. The writer believes 
that his abundances relative to Hg?” are all 
correct to within one percent, except Hg!, 
which may be correct to only about three percent. 

A search for other isotopes was also made. 
The following upper limits for abundances 
relative to Hg*®? were found: Hg, 1/18,000; 
Hg*®, 1/18,000; 1/5000; 1/8000; 
Hg", 1/20,000; Hg™, 1/20,000. 

Bainbridge and Jordan’ showed that Hg!” 

*Presented at the Washington meeting of the Am. 
Phys. Soc. April 29, 1937. Phys. Rev. 51, 1007 (1937). 


‘Aston, Mass Spectra and Isotopes, p. 120. 
® Bainbridge and Jordan, Phys. Rev. 50, 282 (1936). 


does not exist to half of the amount attributed 
to it by Aston. The present investigation shows 
that it cannot exist to one-fourth the amount 
attributed to it by Aston. The upper limit set 
on Hg, 1/5000 of Hg, is just the abundance 
given for it by Aston. While the present investi- 
gation may not be conclusive on this point, it 
does show that Aston’s Hg? was probably 
spurious. 

Figure 3 shows a spectrum taken in the region 
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Fic. 3. A spectrum taken in the region about Hg™. 
Hg"** peak 2430 cm high for this run. 


about Hg!*. From this spectrogram one can 
obtain an idea of the -resolving power and 
sensitivity of the apparatus. Hg’, it should be 
pointed out, is barely visible in Fig. 2. 


Xenon 


A typical spectrum obtained for xenon is 
shown in Fig. 4. The isotopes found were the 
same as those reported by Aston.® Table II 


® Aston, Mass Spectra and Isotopes, p. 106. 
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Fic. 4. Mass spectrum showing the isotopes of xenon. 
Xe!* and Xe! drawn to 40 times scale. 


gives the abundances along with those given 
by Aston. The mean weight obtained is 131.40. 
When. account is taken of the packing fraction 
of —5.3 and the conversion factor in going from 
the atomic to the chemical scale, a chemical 
weight of 131.29 is obtained. Aston’s figures 
yield the weight 131.24. The present Inter- 
national value is 131.3. The writer believes that 
his abundances relative to Xe" are correct to 
one percent, except for the values for Xe'® and 
Xe!*4, which are correct to at least three percent. 

A search was made for other isotopes. None 
was found, and the following upper limits can 
be set for their abundance relative to Xe’: 
Xel87, Xe, and 1/15,000 
Xe!7, 1/30,000 and Xe!”, 
1/60,000 Xe!*. 


Krypton 

Krypton was found to consist of six isotopes, 
as was shown by Aston.’ A typical spectrum is 
shown in Fig. 5. A list of the isotopes and their 
respective abundances is given in Table III. 
Aston’s values, converted from percentage to 
relative abundances, are also included. The 
chemical weight, computed from the above 
figures, is 83.81. Aston’s figures give the value 
83.77. The present chemical weight is 83.7. The 


TABLE II. 


Mass Nomper | 124 126 | 128 | 129 | 130 | 131 | 132 | 134 | 136 


0.347|0.327| 7.06 | 97.3) 15.1 | 78.5 | 100.0) 39.1 | 33.2 
0.295/0.295| 8.48 | 100.0) 15.4 | 76.3| 97.6) 38.0 | 32.4 


Abundance 
Aston’'s values 


7 Aston, Mass Spectra and Isotopes, p. 105. 
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Fic. 5. Mass spectrum showing the isotopes of krypton. 
Kr’® drawn to 10 times scale. 


writer believes that his abundances relative to 
Kr*™ are correct to one percent, except the Kr’ 
one, which should be within two percent. 

As with the other elements, a search was made 
for other isotopes. None was found, and the 
following upper limits for their existence relative 
to Kr* could be set: Kr*8, 1/50,000 Kr®; Kr* 
and Kr®, 1/25,000 Kr™*; Kr*!, Kr79, Kr77, and 
Kr’, 1/50,000 Kr*. 


Beryllium 

Beryllium was introduced into the apparatus 
as BeCl, vapor. The reason for studying this 
element was to search for Be*. Thus the 78 
position (Be®CI®Ci*)+ and the 43 position 
(Be®Cl**)+ were investigated. It was concluded 
that Be’, if stable, exists to less than one part 
in 100,000 in Be. Bleakney, Blewitt, Sherr, and 
Smoluchowski*® showed that it did not exist to 
more than one part in 10,000. 


Arsenic 

Aston’ found arsenic to consist of a single 
isotope of mass 75. The present investigation 
confirms this. The element was introduced into 
the apparatus in its vapor form. The following 
upper limits can be set for hypothetical isotopes: 
and 1/100,000 As”; As”, 


TABLE III. 


Mass NuMBER | 78 | 80 82 83 84 86 


0.608 | 3.52 | 20.2 | 20.2 | 100 | 30.6 
0.738 | 4.31 | 20.7 | 20.7 | 100 | 29.4 


Abundance 
Aston’s values 


8 Bleakney, Blewitt, Sherr and Smoluchowski, Phys. 
Rev. 50, 545 (1936). 
® Aston, Mass Spectra and Isotopes, p. 139. 
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1/50,000 As™, 1/20,000 As®; As”, As”, 
and As”, 1/100,000 As”. 
Iodine 

Aston’? showed that iodine consisted of a 
single isotope of mass 127. This, too, is confirmed 
by the present investigation. lodine vapor was 
admitted into the apparatus and a search was 
made around the 127 and 254 peaks. It was 
possible to set the following upper limits for the 
abundances of other isotopes relative to I’: 
1/250,000; I'*°, 1/120,000; 1/40,000; 
1/15,000; 1/25,000; I, I, and 1%, 
1/50,000. 
Caesium 

Caesium was found to be single by Aston." 
Bainbridge” searched for other isotopes, but was 


10 Aston, Mass Spectra and Isotopes, p. 154. 
u Aston, Mass Spectra and Isotopes, p. 111. 
® Bainbridge, Phys. Rev. 36, 1668 (1930). 


unable to find any. Because of the much higher 
sensitivity of the present apparatus it seemed 
worth while to search further. Caesium was 
introduced in its vapor form into the apparatus. 
No new isotopes were found. The following upper 
limits can be set for the abundances of hypo- 
thetical isotopes relative to Cs": Cs’ and 
1/100,000; Cs, 1/50,000; Cs™, 1/6000; 
Cs'®, 1/4000; Cs"!, 1/20,000; and 
1/100,000. 

The construction of the large electromagnet 
used in this work was made possible by a grant 
from the Milton fund. The author wishes to ex- 
press his appreciation to Professor Kenneth T. 
Bainbridge for his encouragement and assistance, 
to Mr. H. L. Leighton for his design and con- 
struction of the glass parts of the apparatus, and 
to Mr. David Mann for his suggestions and aid 
in the construction of the electromagnet. 
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The paper presents a discussion of wide-angle interference phenomena and their dependence 
upon the nature of the light. Formulas are derived representing the interference pattern for vari- 
ous geometrical arrangements and for arbitrarily composed sources. It is shown that the co- 
herence properties of beams emerging from a point source should depend in a marked manner 
upon the type of poles which compose it. Special discussion is given for dipole, quadrupole, and 
octopole sources. The treatment is limited to the use of ideal mirrors; extensions are indicated. 


I. INTRODUCTION 


HE coherence properties of light rays 

emitted from a point source under a finite 
angle were first investigated to some extent in 
the well-known experiment of Schrédinger' on 
wide-angle interference. This experiment was 
originally undertaken to decide between the 
concepts of unidirectional and spherical emission 
of light; it was thus primarily concerned with a 
side of the question which today possesses only 
historical importance, since the new quantum 
theory has reinterpreted the apparent conflict 


between the two old points of view. 


'E. Schrédinger, Ann. d. Physik 61, 69 (1920). 


Schrédinger observed that the two rays which 
passed through two holes in a screen produced 
an interference pattern on the other side. In the 
final interpretation given to his results he 
remarked that this observation follows alone 
from the assumption that the interference 
phenomenon can be described with the help of the 
Huygens-Kirchhoff principle by the assignment 
of proper values to the light vectors in the 
two holes: such a description, according to 
Schrédinger, leads with necessity to an inter- 
ference pattern behind the screen. 

It is at this point that our opinion differs. 
We believe that even at the present state of 
theoretical physics extended importance can be 
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given to interference experiments with beams 
diverging under a sizable angle from a point 
source. 

Whether interference patterns will be ob- 
servable or not depends, as far as we can see, on 
the phase relations between the components of 
the electric and magnetic vectors of the two 
beams in their corresponding holes. Whether or 
not we should expect phase relations to be 
present will depend on our theoretical view 
concerning the emission of light. According to 
quantum optics the phase relations for solid 
point sources can be calculated in the same way 
that the classical wave theory would prescribe. 

We shall show in the following that the phase 
relations in equivalent experiments, which allow 
of a simple ideal treatment, will depend both on 
the angle between the rays emerging from the 
point source and upon its nature, i.e., whether 
it is composed of dipoles, quadrupoles, or higher 
multipoles. Interference experiments should thus 
allow us to obtain information, by observations 
on the light rays only, as to the nature of the 
emitting light source. 

Before proceeding to the mathematical treat- 
ment it might seem advisable to present a short 
physical picture which will allow us to verify 
qualitatively the statement made above. Let us 
first imagine a single dipole with arbitrary 
direction of oscillation and let us fix our attention 
on two rays sent off in two definite directions. 
As these two rays come from a single dipole 
they will be coherent by hypothesis, but as they 
make in general different angles with the 
direction of oscillation they will show different 
polarization and different intensities. Since our 
point source of light is supposed to emit in every 
direction an equal intensity of unpolarized light, 
we have to picture it as the superposition of an 
ensemble of dipoles with random directions of 
oscillation. A second dipole arbitrarily chosen 
will emit, in the two fixed directions, light which 
will also be coherent, but which will again show 
different states of polarization and intensities, 
etc. The two rays emitted by the ensemble will 
have equal intensities, but as the contribution 
of each individual dipole will in general be 
different for the two, they will not in general be 
completely coherent. The amount of coherence 
will depend on the angle which the rays make 
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with each other and also, as we shall see, on 
the nature of the source. This is physically 
plausible because dipoles and quadrupoles, for 
example, show a different functional dependence 
of energy and polarization on the angle made by 
the ‘‘axis of the atom” and the direction of 
emission. 

The mathematical treatment can be carried 
out in either of two essentially equivalent ways, 
We might, in the first place, determine the 
radiation emitted by a multipole of definite 
orientation in two fixed directions and then 
average certain intensities over all orientations 
of the multipole. This process is straightforward, 
but becomes somewhat cumbersome for higher 
poles. On the other hand we can, according to 
well-known methods of quantum optics, char- 
acterize the field of the multipole (2' pole) by 
2/+-1 complex amplitudes. We can then obtain 
a comprehensive model for a point source 
emitting unpolarized light of equal intensity in 
all directions by assuming that the average 
values of products of these amplitudes vanish 
whenever the two amplitudes refer to different 
states of oscillation, and are equal to one and 
the same constant when they refer to the same 
state of oscillation. This second method of 
presentation follows closely a paper of W. 
Heitler? on the angular momentum of light, and 
will be employed in the following. 


Il. DEFINITION OF THE INTERFERENCE 
PARAMETER 


Let B and B’ represent the two interfering 
beams, and let J and J’ represent their individual 
intensities at the center of the interference 
pattern, i.e., at a point of zero difference of 
optical paths; finally let JS represent the in- 
tensity of the superposed beams at this same 
point. It is then clear that if we define 

Q=J8/(J+J')-1 (1) 
the illumination in the pattern will be propor- 
tional to 1+@Qcosé so that the value of |Q| 
may be taken as a convenient measure of the 
visibility of the fringes. For |Q|=0 no fringes 
will be visible, and for |Q|=1 they will have 
their maximum sharpness; the central fringe 
will be light or dark according as Q=0. 


* W. Heitler, Proc. Camb. Phil. Soc. 32, 112 (1936). 
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Fic. 1. General interference arrangement. 


The intensities will be proportional to the 
average, over the time and the constituents of 
the source, of the square of the magnetic vector. 
Thus Q may be calculated by the general for- 
mula: 


(2) 


III. GENERAL INTERFERENCE ARRANGEMENT 


Our point source is located at O (Fig. 1)*° and 
emits unpolarized spherically symmetrical radia- 
tion from which two beams J and I’ are de- 
limited. These beams are then made parallel to 
become eventually the B, B’ of Section II. To 
simplify the treatment we suppose that J, I’ 
first become R, R’ by a process (such as reflection 
at an ideal metallic mirror’) which involves no 
polarization or absorption,’ and that these 

+The authors are very grateful to Dr. Frank E. Myers 
for preparing the figures accompanying this article. 

*See Section V. 

_ *If, by an absorptive process that involves neither polar- 
ization nor change of phase, the intensities of the beams are 


brought into the ratio 1 : a’, the value of Q will simply 
suffer a reduction in the ratio 1+a? : 2a. 


become in turn B, B’ on passing, without 
deflection, through ideal Nicol prisms N, N’. We 
shall find it convenient to employ three sets of 
axes: Oxyz, 0123 (O1'2'3’), of which the 
respective orientations are clear from the figure. 
It is important to notice that O3 is parallel to J 
(O3’ to I’) and O¢ to B (and B’); also that Oy 
is parallel to O2 (and O02’). 

If H and H’ correspond to the beams J, J’ 
then it is obvious from the assumptions just made 
that H®, H®’ will be linear vector functions of 
H, H’, respectively, with H®*=H’, H?”=H’,. 
The mathematical statement of this fact may, 
because of the transversality, be put in the form: 


=aH,+bH2 a?+b?=1, 
e=+1; 
H,®’ =a' Hy! +b! He a"+b"=1, 
= ¢b'H,' — é=+1. 


We suppose the Nicols N, N’ set so that the 
planes of polarization of B, B’ (i.e., the planes 
containing the vectors H?, H®’) make angles 
x/2, x’/2 with the é plane. The relation 
between and H? is then: 


= (1+ cos x)H;*+sin 


(4 
2H,2 =sin + (1—cos x)H,® 


and an analogous relation involving x’ connects 
H*”’ and H®’. 

We must finally remark upon the relation 
between H and H’ as functions of @. In the 
following section we shall show how H(@) is 
defined for the range —r<@S7. From our 
construction it is then clear that H’=H(—@); 
furthermore, because of the way the triples 
0123, 01'2'3’ have been defined: Hy’ =H,(—8), 
He' =H2(—6). These lead at once to the for- 
mulas: 


He! 
in which the inferior index ‘‘+”’ or ‘‘—”’ indicates 


the part even or odd in 6, respectively. 

It is now a lengthy and tedious, but essentially 
simple and straightforward matter to introduce 
(3), (4), and (5) into (2) and so express Q in 
terms of averaged products of the type (//1,//;_), 
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etc. Marked simplifications will arise from our 
idealized assumptions, viz.: (H*’*),,=(H®”),, 
=(H?),, and also 
from the fact, which will be obvious as soon as 
the explicit formulas are written down, that for 
multipole radiation: 


(7 1H: 24) av (H 1-H. 2—)av 
= (H2H2+)w=0. (6) 


From these, and from the relations 
there also follows immediately : 


= (7) 


Finally, it will be convenient to set 
D2= (H2—*)w]/ 


In the manner indicated we then obtain the 
fundamental formula: 


2Q0=(Di+ ee’ D2) [(aa’ + (x—x’)) 
+ (€a’b—’ab’) sin (x— x’) J+ 
X [(aa’ — ee’bb’) (cos x+cos x’) 
x+sin x’) ], (9) 
and in case no Nicols are employed: 
Q=(D,+ (aa’ + (10) 


(8) 


IV. THE FIELD oF A MULTIPOLE® 


It will be convenient to introduce the abbrevi- 
ations: 


H,!': ™=[(l—m+1)(l+m) m-1 
m4, 
™=—[(l—m+1)(l+m) m-1 (11) 


i, msi, 
H,' "= —2mP,, ms 


6 We here employ the field of the electric 2' pole. The 
field, in the wave zone, of the magnetic 2' pole can readily 
be obtained from it by writing E for (reference 2). 
Since, moreover, H, = —E2, H2=K,, it is at once evident 
that for multipoles of the same order: (D1)mag= (D2)electi 
(Di )etect 


where 


l| | 6 
2 (l+m)!} 24! 


d'*™(y?— 1)! 
dy'+™ 


is the associated Legendre function (u=cos @) 
normalized and defined also for negative m as 
indicated.” P;, m is customarily employed for 
the range 0=0=7; we, however, shall remain in 
the xz plane and may therefore without am- 
biguity extend the range to —7<6=r. 

The magnetic vector H at a point on the 
xz plane in the wave zone of an oscillating 
2' pole may now be described by: 


+1 


m=—l 


(s=x, 3; €2=€,=1, €y=1), (12) 


where C depends upon the radius vector r, but 
may by us be treated as a constant.* Since, 
further, P:;, m is an even or odd function of 6 
according as m is even or odd, we may obtain 
from (12) the formulas: 


= —cse 0H 


(13) 
Hox CR Fa," =}, 


where signify summations over only even 
values and only odd values of m, respectively. 

In the relations given above the a,” are the 
complex amplitudes referred to in Section I; 
according to the assumptions there stated we 
have for averages taken over the constituents 
of the source: 


(a,"*a,"" (14) 
TABLE I. 
Di De 
20=0 2 
—3(—1)! 4(—1)! 
l=1 3(2u?—1) 
l=2 3(2u?—1) 3 (8ut—8y?+ 1) 
| 3(Su*—Sy?+1) 3 (30u® 


7See Bethe’s treatment of spherical harmonics in the 
Handbuch der Physik, Vol. 24. 

8 For points on the xz plane our relations (12) are iden- 
tical with Heitler’s formulas (22 a, b), reference 2. 


the 


len- 
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where &; is independent of m. Relations (6) 
may now be verified at sight, and relations (8) 
may be expanded to give: 


=csc? D-H," ™— 
1)D.= -H,': m? m2 


We shall show in the Appendix that the 
evaluation of the four summations in (15) may, 
with the help of a recursion formula, be reduced 
to the carrying out of the single simpler sum- 
mation }-+P*;, ». Here we shall merely give the 
results for arbitrary multipole for 26=0_ and 
26=-n and for arbitrary angle 26 for the dipole, 
quadrupole, and octopole. 


(15) 


V. Discussion OF SPECIAL CASES 


The value of Q will depend not only upon / 
and 6 but also upon the way in which the 
original beams J and J’ are made parallel, i.e., 
upon the values of the coefficients a, }, a’, b’. 
Let us now suppose that R is obtained from J 
by a single reflection at an ideal metallic mirror 
M. The boundary conditions at such a mirror 
show that H® =H—2(n-H)n where n is a unit 
vector normal to it. The simplest vector algebra 
then gives: 


—Coy—Cez Sin cos 


a= 
1—c;, sin 6—c;, cos 
Cty—Cyz Sin Cos 0 
1—c;z, sin 0—c;; cos 0 
e=+1, 


where the c’s are elements of the matrix (c,,) of 
direction cosines relating the Off and Oxyz 
axes. If J’ is reflected into R’ at M’, the corre- 
sponding formulas for a’, 6’ may be obtained 
from (16) by setting —6 for @. 

In case A (Fig. 2), J and I’ are reflected to 
become parallel to Oz. It is here possible to 
choose the Ogn¢ axes identical with the Oxyz 

100 
axes so that (c,,) -(° 1 °) Formula (16) then 
001 
gives: a=a’=—1, b=b'=0, e=e’=+1, and 
substitution into (9) and (10) gives as a final 


CASE A 


CASE B 


CASE C 


Fic. 2. Particular interference arrangements. 


result : 
2Q=(Di+D2)(1+cos (x—x’)) 
+(D,—Dz2)(cos x+cos x’); (17) 
Q=D,+Dz (without Nicols). 


In case B, J and I’ are reflected to become 
parallel to Oy, i.e. normal to their plane. Here 


10 
we may take (c,,) -(° 0- ) so that (16) gives: 
01 O 


a=a'=cos 0, b= —b’=sin 6, e=e’=+1 and our 
general formula becomes: 
20(1+cos (x—x’)) 
+sin 26 sin (x— x’) ] 
+(Di—Dsz)(cos x+cos x’) ; 
Q=(D,+Dz2) cos 26 (without Nicols). 


(18) 
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QUADRUPOLE (7/22) 


OCTOPOLE 


Fic. 3. Polar graphs of |Q| as functions of 26 (case A). 


In case C, I’ is not reflected at all so that 
H*’=H’. If we take On parallel to Oy the axes 
01'2'3’ and O&n¢ will become coincident, so that 
a’=1, b’=0, e-=—1. With this determination 
of On we have 


cos@ 0. sin @ 
(Cos) = 0 1 0 > 


—sin@ cosé@ 


whence if J is now reflected to become parallel 
to I’, we find a= —1, b=0, e= +1. Finally: 


(x—x’)) 
—(Di+Dz2)(cos x+cos x’); (19) 
Q=D.—D, (without Nicols).® 


Having given these examples to demonstrate 
the nature of the dependence upon experimental 


9 In this case, according to reference 6, the interference 
patterns for the electrical multipole and the magnetic 
multipole of the same order will be complementary. In 
case A (without Nicols) they will be identical. 


arrangement, we proceed to discuss case A in 
greater detail. For vanishing angle between J 
and J’, the insertion of the values given in Table 
I into our formula gives Q=}(1+ cos (x— ’)) 
and this is entirely in keeping with our expecta- 
tions since it means that Q=1 for parallel and 
Q=0 for crossed Nicols. Without Nicols Q=1 
for 20=0. If, on the other hand, no Nicols are 
employed for 20=z then Q=0; and this seems 
at first somewhat surprising since we should ex- 
pect such rays to be capable of producing fringes, 
They will do so as soon as properly oriented 
Nicols are inserted, for then Q= —}(—1)'(cos x 
+cos x’). Let us now set the Nicols parallel at 
an arbitrary angle xo/2 (=x/2=x'/2) and denote 
the corresponding value of Q by Qo. It is im- 
mediately evident that if, keeping the Nicols 
parallel, we turn them through 7/2 to make 
x=x’=xo+z, then the new value of Q will be 
—Q. This means that the two patterns of 
fringes will be of the same intensity, but will be 
complementary, the light fringes of one falling 
on the dark fringes of the other so that if they 
were superposed, no fringes would be visible. 
The absence of fringes when no Nicols are em- 
ployed may be explained by such superpositions. 

The results just stated are independent of the 
order of the multipole radiation; however a 
strong dependence on / will become immediately 
evident as soon as we study the values of Q for 
intermediary angles. Without Nicols, our for- 
mulas give for dipoles, quadrupoles, and octo- 


poles: 


=2, Q=4y'— 3p’, (20) 
l=3, 6p’. 


Fig. 3 shows most clearly how Q behaves as 26 
is varied from 0° to 180°. For dipoles Q falls off 
monotonically and the fringes do not disappear 
until 2@=180°. For quadrupoles Q falls off much 
more rapidly, and the fringes already disappear 
for 206=60°. They then reappear with a dark 
central fringe (Q<0, hatched in the figure) and 
attain a maximum sharpness (|Q| =0.56) for 
26=105°. For octopoles the fringes disappear at 
20=35°, and again at 20=95°; a maximum 
(|Q| =0.46) with dark central fringe occurs at 
20=67° and a slightly greater one (|Q| =0.52) 
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with bright central fringe at 26=128°. These 
examples show clearly how strongly the con- 
stitution of the source can affect the qualita- 
tive characteristics of wide-angle interference 
phenomena. 

In the treatment given it has been assumed 
that the reflections occur at the surface of ideal 
mirrors. For nonideal mirrors additional polari- 
zation effects would have to be considered which 
in some arrangements might appreciably alter 
the results as stated. The effects would then 
depend upon the angle of incidence as well as on 
the optical constants of the mirrors and might 
in turn throw light upon the numerical values 
and dispersion of these constants. It is intended 
to present a treatment of nonideal reflections in 
a separate investigation. The theory would thus 
also be brought into closer proximity with 
actual experimental conditions. 


APPENDIX 


It will in the following be convenient to employ the 
notation: 


2 


2 


AIG +1 


Each harmonic component of H is transverse, i.e. 
sin 6H,':™+cos 6H,':"™=0, 
a fact which may easily be checked by the usual formulas 


for expressing sin @P;,, and cos 6P;, m. If, now, (11) be 
introduced into the equivalent relation 


H,! m? m2 77 m2 = H,!. csc? m2 


TABLE II. 
Pm Sit Si 


0 for odd | 0 for odd | Ofordeven| (—1)! | (—1) 41 +1) 


there results 

mas 
+4m*P*,, » = ™* +4m? csc? m. 

from which in turn follows, on alteration of the summation 

index in certain terms: 

1 2 

4 2/+1 


> =1(1+1) Si 

—sin® 07;* —cos* @7;*. (22) 
We can, on the other hand, again by the usual formulas, 
show that 


2m(2/+-1)4 csc OP i4:, m 
= 
msi} 
and by employing the square of this obtain also: 
2 
+1 = —T* (23) 


Comparison of (22) with (23) gives at once the recursion 
formulas: 


T* in = (1-2) (24) 
If we now introduce the quantities 
(25) 
we can write our fundamental formulas (15) in the form: 
Wl+1)Di=—Ti; (26) 
Combination of (24) with (25) leads at once to: 
Tig. = (2u?—1) Ti — (+1) Si; (27) 


which, together with the fact that 7;=—1, gives a ready 
method for calculating the 7; once the S; are known. 
Finally 
St+S-=1; (28) 
the former being a well-known theorem, and the latter 
readily demonstrable from (24) by its aid. Combination of 
(25) with (28) gives 
(29) 


which together with (27) and (26) gives all the relations 
needed for the calculation of D; and D; by performing the 
summations S;* (or S;~) alone. 

As an illustration we show the order of calculation for 
20=0 and 2@=7 in Table II. 
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In this paper the effect of similarity of particles on gas 
kinetic quantities (coefficient of viscosity, thermal con- 
ductivity, and diffusion) is studied. The symmetrization 
of the wave function is complicated by the presence of all 
degrees of freedom which though dynamically unim- 
portant distinguish the particles from each other (orien- 
tation of the angular momentum of rotation, electronic 
and nuclear spins). The theory is applied in detail to the 
determination of the coefficient of viscosity and thermal 
conductivity of the ortho- and para-modifications of 
hydrogen. Marked differences are predicted depending 


upon the relative concentration of the ortho-para forms, 
Evaluation of so far uninterpreted measurements of 
thermal conductivity coefficients lead to good agreement 
with the theoretically predicted values. It is furthermore 
found that in the determination of the coefficient of dif- 
fusion no symmetrization of the wave functions has to 
enter. The theory allows in certain favorable cases a deter- 
mination of nuclear spins of isotopes from viscosity ob- 
servations, the method being independent of a possibly 
present magnetic moment. As an experimentally promising 
example the case of neon is calculated in detail. 


INTRODUCTION 


T has been shown by Massey and Mohr? that 
the wave mechanics of collisions has to be 
taken into account in kinetic theory calculations 
of the coefficients of transport phenomena. An 
interesting feature of these calculations is the 
part depending on the symmetry of the colliding 
particles. If a gas consists of molecules which are 
identical in the sense of quantum theory then 
the principle of exchange will operate at every 
molecular encounter. 

Massey and Mohr assumed that two colliding 
atoms or molecules being neutral particles are 
in all cases to be described by eigenfunctions 
which are symmetrical in the coordinates defining 
the distance between the centers of gravity of 
the atoms (molecules). They therefore describe 
uniformly the collisions between helium atoms 
and between hydrogen molecules. It is at this 
point that in our opinion an important change 
and refinement of the theory has to be intro- 
duced. In most actual gases owing to the presence 
of spin states of the electrons and the nuclei, 
excited states, ortho- and para-states, or isotopies, 
the molecules are not all identical and conse- 
quently the exchange principle will apply only 
to a certain fraction of the total number of 
collisions. It is our purpose in this paper to 


1Cf. J. Chem. Phys. 4, 229 (1936); also Phys. Rev. 51, 


596 (1937). 
2H. S. W. Massey and C. B. O. Mohr, Proc Roy Soc. 


Al41, 434 (1933). 


show how the influence of exchange can be 
ascertained in such cases by considering the 
statistical weights of the various molecules. In 
particular we shall deal with the coefficients of 
viscosity, heat conduction and diffusion, giving 
explicit calculations for hydrogen and neon. 


I. Viscosity 


We require first a knowledge of the effect of 
symmetry in the special case of a gas composed 
entirely of indistinguishable molecules. Such a 
gas will be said to consist of similar molecules. 
We imagine a second gas to consist of dynami- 
cally equivalent but dissimilar molecules, i.e., 
molecules which are mutually distinguishable. 
The calculations for these two gases will differ 
solely in that the wave functions describing 
collisions between molecules of the first gas must 
be symmetric in the coordinates of the colliding 
molecules. 

The problem of finding the effect of the 
symmetry in a gas containing pairs of similar 
and dissimilar molecules reduces to the problem 
of finding in what fraction of the total number of 
molecular encounters the colliding molecules are 
similar. This fraction will obviously depend on 
(A) the probability that two molecules selected 
at random in the gas are similar and (B) the 
cross section for encounter between these mole- 
cules. Through this difference there arise two 
distinct cross sections for any specified kind of 
collision between gas particles, viz., Qs which 
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applies to collisions between similar particles, 
and Qp which applies to the dissimilar particles. 
The method of the calculation may be illustrated 
in the case of the coefficient of viscosity, the 
formula for which we write (see (12) and (13) 


below), 
n=C/ (1) 


in which C is a constant for a given temperature 
and w is the statistical weight of the cross 
section Q. The integration is over the relative 
velocity of the colliding particles. 

For the gas under consideration there are two 
cross sections, viz., Qp for dissimilar and Qs for 
similar molecules. The probabilities that two 
molecules selected at random are similar and 
dissimilar shall be denoted respectively by S 
and D. Thus in place of (1) we may write 


1/n=(1/C) S(DQn+SQs)wdo, (2) 


w now being the classical weighting function. 
Since D and S do not depend on v, we have 


1/n=D/nv+S/ns (3) 


in which np and ns represent the coefficients of 
viscosity respectively of the totally dissimilar 
and totally similar gases. Using the relation 


D+S=1, 
and setting np =(1+A)ns, 
we obtain n=(1+A)/(1+SA)ns. (4) 


It remains to determine S. We shall do this 
first in the case of hydrogen, in view of the 
importance of the result for the theory of ortho- 
and para-modifications of this gas. Let the gas 
contain N molecules of which my, are in the 
rotational state J. For even J these are para- 
molecules. There are 2/+1 states, corresponding 
to the orientations of the vector J, so that 
ny/(2J+1) of the paramolecules are in each of 
these states. Hence the probability that two 
paramolecules are in the same specified state is 


[ns/(2I+1)N (5) 


The probability that two paramolecules are 
both found in any one of the states is therefore 


even. (6) 


The corresponding probability for two ortho- 
molecules is 


1 ny 3 
, Jodd. (7) 


The factor one-third appears in the latter by 
virtue of the three nuclear spin states which 
the orthomolecules possess at all temperatures. 
The n,;/N depend on the concentrations of 
ortho- and parahydrogen and on the Boltzmann 
factors corresponding to the values of J and the 
temperature. 

In Table I the dependence of the coefficient of 
viscosity on the parahydrogen content at several 
temperatures is shown by values of 


i-S 
-100=( )-100, (8) 
ns 1+5SA 


in which 7 is the coefficient of viscosity for the 
concentration of parahydrogen indicated in the 
table. 4-100 is taken from Table II and the 
quantity S is given by 


S=S(p)+5(0). (9) 


The formula for the Boltzmann factor n, is 


n (10) 


It is to be observed from the first column of 
Table I that when the gas is pure parahydrogen 
an effect of dissimilarity is present. It will be 
seen that this dissimilarity becomes appreciable 
at ordinary temperatures causing the viscosity 
of pure parahydrogen at 273°K to differ from 
that of a gas of entirely similar particles by 
3.3 percent. 

We shall now turn to the quantum-mechanical 
evaluation of the cross sections required in the 
theoretical calculation of the coefficients of 


TABLE I. Percentage differences between the viscosities of 
actual hydrogen and an ideal gas of purely similar particles. 


PERCENTAGE OF PARAHYDROGEN 
ABSOLUTE 
TEMPERATURE 100 95 43 25 
273 3.3 3.5 4.7 4.9 
170 2.3 2.7 5.6 6.0 
90 0.2 0.7 5.8 6.5 
70 0.1 0.8 5.9 6.7 
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viscosity ns and np. As is shown in the paper of 
Massey and Mohr, the collision cross section 
effective in viscosity is given by 


4r 
(2n—1)(2n+3) 


sin? On 


k n=0 
_2(n+2)(n+1) 
2n+3 


in which k= Mv/2h, M is the mass of the mole- 
cule, v the relative velocity in collision, and the 
6, are the phases of the wave functions of the 
scattering. When the molecules are similar the 
phases of odd order are omitted in the summation 
which is then multiplied by two. These cross 
sections are related to the coefficient of viscosity 
by Chapman’s formula,’ 


5 
4M?73\ Mj R 


(11) 


cos (6n—dn42) Sin 5, Sin 


(12) 


Here j=1/2kT7, k is Boltzmann’s constant, and 
R=} v7Q,-e (13) 
0 


The quantity ¢ involves the interaction of the 
molecules, but as it does not exceed 0.017 in 
classical theory, its quantum theory correction 
is unnecessary. We are here interested not in the 
absolute value of the viscosity but the changes 
in it due to exchange. We shall base all numerical 
work on the hard sphere model of the molecule 
as this model allows exact determination of the 
phases 6,. It will be seen that the model gives 
values of » which, except at low temperatures, 
are in sufficient accord with experiment for 
present purposes. Approximate estimates of Q, 
for central forces between the molecules show 
that, as long as many phases enter the summa- 
tion, the exact nature of these forces has small 
effect on the ratio of the values of Q, for similar 
and dissimilar particles. To demonstrate this we 
may write (11) approximately 


Q, {(m+2) sin? 6, 


n=0 
— (n+ 3)(sin? 6, sin? 
+3 sin 26, sin 25,42) } 
*S. Chapman, Phil. Trans. 216A, 279 (1915). 


(14) 
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and make use of the rapid variation of the phases 
in the region 49 to 6n~} by assigning to sin? 6,, 
6,42 and sin 26, average values 3, and zero. 
Thus the contributions to the cross sections 
from this range of the summations are: 


for dissimilar particles, and 
(16) 
k? 0 2k? 


for similar particles. To obtain the terms of the 
summation for n>™m it is necessary to know the 
5,. For an attractive central field with potential 
= —D/rS Massey and Mohr* have calculated 
the phases using Jeffreys’ approximation. Re- 
placing summations over »>m by integrations 
and letting sin 6,=6, one gets for either the 
similar or dissimilar particles the contribution 


m? 


17 
2k? S—2 


to the cross section. This expression is obtained 
by neglecting the coefficients of (n+3/2) in (14) 
and therefore should represent an upper limit 
for the effect ascribable to the special form of 
the field. For the ratio of similar and dissimilar 
cross sections we have 


Q.(S) _ 
Q,(D) 


As a test of this approximation a potential 
V=—6.04X10-®/r® for hydrogen was used to 
compute the ratio for a particular velocity. The 
value given by (11) using phases of Jeffreys’ 
approximation was 1.075 whereas (18) gave 
1.064. The corresponding exact value for the 
hard sphere is 1.080 for which (18) gives 1.087. 
We see from the foregoing estimate that the 
differential effect calculated under unfavorable 
assumptions amounts to 1.1 percent while the 
hard sphere model gives 0.7. Our assumptions 
are the more unfavorable since we did not try to 
fit the field to the observed viscosity and since 


S-2 1 


S-1m 


(18) 


*H.S. W. Massey and C. B. O. Mohr, Proc. Roy. Soc. 
A144, 202 (1934). 
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the averaging effect and the dropping of the 
term proportional to (n+3/2) only tends to ac- 
centuate the effect based on the first calculation. 

If o is the diameter of the hard sphere, the 
classical value of Q, is 270?/3. The quantum 
theory values of Q, are always somewhat larger, 
becoming largest as v0 and tending to the 
classical value in the limit v— ©. Over the range 
from 3 to ~ of the parameter xo the values of 
Q, may be represented by 


3. ko (19) 


in which a=2.10, 6=1.50 for similar particles 
and a=1.00, ’=4.00 for dissimilar particles. 
This formula has been obtained by a least square 
fitting of the constants a and 3 to tables of Q 
in the range of xo from 3 to 30. We are not 
justified in using the hard sphere for ke <3 since 
in this region only a few phases contribute to Q, 
which is then sensitive to the field of the mole- 
cule. In the case of hydrogen this implies that 
our calculations become unreliable at tempera- 
tures lower than about 70°K. For other molecules 
the corresponding temperatures are somewhat 
Jower. 

Putting (19) in (13) and integrating, we obtain 
finally 


Sah 
1+— -(— )+ — (20) 
16 MkT MkT 


in which 


(21) 


= 1.016 


16 


is Chapman's classical formula for the coefficient 
of viscosity based on the hard sphere model.’ 

In Table II are shown values of (18) in 
micropoise for a hard sphere model of diameter 


TaBLeE II. Theoretical viscosities of gases composed of 
dissimilar molecules (np) and similar molecules (ns). 


*| EXPERIMENTAL 
ABSOLUTE VALUE OF FOR 
TEMPERATURE | HYDROGEN 4-100 
273.1 84.2 77.8 73.8 5.4 
170.2 60.9 60.0 56.2 6.8 
89.6 39.2 41.6 38.7 7.5 
70.9 31.9 36.2 33.6 7.7 


2.75A and mass equal to that of the hydrogen 
molecule. np is for dissimilar particles and ns 
for similar particles. In the last column the 
quantity in which we are interested is defined 


by A4=(np—1s)/ns. 


II. THERMAL CONDUCTIVITY AND VISCOSITY 


We have not been able to find in the literature 


experimental data giving information about the 
relative viscosity of different mixtures of ortho- 
and parahydrogen at temperatures of interest. 
The effect expected by us is comparatively large 
and should be easy to detect. We are, on the 
other hand, of the opinion that the effect already 
has been observed in a somewhat indirect 
manner but that the data which contain it have 
not yet been properly evaluated. We are referring 
to measurements of the thermal conductivity of 
ortho- and parahydrogen at different tempera- 
tures; these observations can be linked up by a 
simple theoretical reasoning with the viscosity 
calculations presented above. 

A method for determining the ortho-para 
concentration in hydrogen has been based on 
measurements of the heat given up in a thermal 
conductivity cell.5 In this method a wire heated 
by a constant current passes through the cell 
containing the hydrogen. The walls of the cell 
afe maintained at lower temperature than the 
wire. The temperature reached by the wire 
depends on the conductivity of the surrounding 
gas. If 7 is the current in wire and r its resistance 
at temperature 7, then it may be shown that 
the heat given up per second by the wire is 


T 
dT, (22) 


To 


A being a geometrical constant for the cell, 
T, the wall temperature and \ the coefficient of 
thermal conductivity of the gas. Examination of 
Chapman’s theory of heat conduction shows that 
the formula 


1 
(23) 


is corrected for quantum theory through the 
corrections of the rotational specific heat Cr 


*K. F. Bonhoeffer and P. Harteck, Naturwiss. 17, 182 
(1929). 
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and 7. In the formula R is the universal gas 
constant and M the molecular weight of the gas. 
Observations of \ therefore should give us 
information about 7 and thereby offer verifica- 
tions of our theoretical predictions. 

Since the rotational specific heat is greater in 
parahydrogen, it is expected that A for this gas 
should be greater than for orthohydrogen and 
consequently the temperature reached by the 
wire in the thermal conductivity cell should 
decrease with increasing parahydrogen content 
of the inclosed gas. It may be seen from Table I 
that the variation in viscosity will tend to offset 
this change. For temperatures which have been 
investigated experimentally the effect due to the 
specific heat has preponderated, although we 
shall show that in certain temperature ranges 
the viscosity may become the more important 
factor thus causing an increase in T with increase 
in para-Hz concentration. It is to be observed 
that, while the change in 7 due to that in Cr**- will 
depend linearly on the percentage of para- 
hydrogen present, the change in 7 due to 7 is 
not linear with respect to this percentage. An 
experimental test® was made to confirm the 
linear dependence of TJ on the parahydrogen 
content, but as this test was confined to para-He 
concentrations less than 48 percent, it did not 
involve the region (see Table II) in which there 
are large and nonlinear variations of 7. 

Table III shows data obtained with thermal 
conductivity cells which may be analyzed to 
show the presence of variation in » due to 
change in para-H, concentration. In every case 
the walls of the cell were maintained at the 
temperature of liquid hydrogen. 

The ratio of the heat given up in the cell 
when filled with hydrogen of given parahydrogen 
concentration to that given up when it is filled 
with normal hydrogen (25 percent para-He) is 
by (22) and (23) 


f (3.75R+C’ 


T 


(3.75R+cr)ndT 


To 


where the unprimed quantities refer to the 


6 A. Farkas, Zeits. f. physik. Chemie B10, 419 (1930). 


normal hydrogen. Let n’=»(1—z) over the range 
of integration 7) to JT’ and assume 7» T’. Then 
the last expsession may be written 


(24) 
T 

f (28) 
To 


and Z is the value of z averaged with respect to 
the integrand of J. The assumption 7» 7? for 
the computation is made because the empirical 
values of the thermal conductivity of normal 
hydrogen are best represented by this variation 
in n. The values of Z are insensitive to choice of 
the law of this variation provided the latter is 
between 7» and 7. The value Z=0 would 
correspond to identity of the viscosity coefficient 
for ortho- and parahydrogen. 

In Table IV the third and fourth columns 
show, respectively, the values of Z computed 
directly with (24) from the data of Table III 
and computed according to the present theory 
for the variation of 7 using the values shown in 
Table I. The fact that Z is different from zero 
reduces the influence of the difference of the 
specific heat of the ortho and para modifications 
to almost 3 in the first observation. 

As already remarked, the thermal conductivity 
of parahydrogen is greater than that of ortho- 
hydrogen, owing to the greater rotational specific 
heat of the former. The viscosity tends to reduce 
this difference. On the basis of the values given 
in Table I it is found that the conductivities of 
the two modifications should become equal at 
about 80°K and at lower temperatures the 
conductivity of the orthohydrogen should be 
the greater. 


TABLE III. Data on thermal conductivity which may be 
analyzed to show a variation in » due to parahydrogen 
concentration. 


RESISTANCE OF | TEMPERATURE 
PERCENTAGE OF | CELL WIRE IN OF WIRE 
PARAHYDROGEN Oums i AUTHORITY 
25 111.85 203.9 A 
99.7 106.27 191.6 
2 135.3 173.0 B 
43 134.0 170.0 


(A) Bonhoeffer and Harteck.® 
(B) Farkas.* 


J 


‘ange 
Then 


RITY 


GAS KINETICS 949 


Effects of symmetry of the kind that have 
been discussed above for hydrogen will be 
present in the modifications of deuterium. The 
effects will be very much smaller in magnitude, 
mainly because of the multiplicity of nuclear 
spin states which exist for either of the modifi- 
cations. The deuteron has spin unity and there 
are consequently 3 nuclear spin states for the 
para- and 6 for the orthodeuterium. The ex- 
pressions for S(p) and S(o) will be correspond- 
ingly reduced making the number of collisions 
of similar molecules too few to produce appreci- 
able effects. Moreover, since the total effect of 
the symmetry depends nearly inversely on the 
square root of the mass of the molecule, there 
will be a reduction in the case of De due to its 
larger mass. 

In the foregoing consideration the contribution 
of inelastic collisions to the viscosity has not 
been taken into account. Apart from the fact 
that no simple general rule can be given for the 
symmetrization of the wave function in processes 
where the internal condition of the system is 
changed it should be remembered that these 
inelastic collisions become of negligible impor- 
tance at low temperatures where the calculated 
effects become marked. 


III. THe COEFFICIENT OF DIFFUSION 


The theoretical derivation of the coefficient 
of diffusion is usually presented in analogy with 
the derivation of viscosity or thermal con- 
ductivity coefficients but needs modification as 
far as the symmetry properties are concerned. 
Massey and Mohr have symmetrized the wave 
functions in the calculation of the coefficient 
of diffusion in the same way in which they 
symmetrized them for obtaining viscosities. They 
therefore obtained curves for the coefficient of 


_TABLE IV. Values of 2, measure of variation of coefficient 
viscosity with ortho para concentration, as calculated directly 
se the data of Table III and as computed from the present 

ory. 


PERCENTAGE OF from 
PARAHYDROGEN r'/r from (24) theory 
100 1.010 0.946 0.063 0.050 
43 0.993 0.988 0.005 0.006 

25 1.000 1.000 0 0 


diffusion of similar and dissimilar particles 
(coefficient of self-diffusion). In our opinion no 
symmetrization has to be used for the calculation 
of the coefficient of diffusion or even ‘“‘self- 
diffusion.’’ Our reasons are as follows: 

The processes of diffusion of two gases consist 
in the change with time of the relative composi- 
tion of the gases at different parts of space. 
For this process of diffusion collisions between 
identical molecules are immaterial because they 
do not lead to mass transport in toto. Only if 
the particles contained in the gas show some 
feature by which they can be distinguished can 
there be any meaning ascribed to the term 
diffusion. By self-diffusion in the classical theory 
a process was understood in which particles of 
almost identical physical properties (e.g. iso- 
topes) exchange places with each other. This 
example alone shows that there cannot be any 
justification for symmetrization of the wave 
function since isotopes obviously are not identical 
particles. If on the other hand the particles are 
identical in every respect then no diffusion 
process can occur. 

To make this even more clear we consider 
the microscopic description of the phenomena 
using wave functions of all particles in the gas 
instead of the macroscopic description which 
refers only to densities of the particles. Any 
state of the gas composed at N particles of which 
n; might all be identical among each other and 
said to belong to the ith sort will then be de- 
scribed by a wave function in the 3N dimensional 
configuration space; the wave function will be 
symmetrical (or anti-symmetrical) with respect 
to permutations of each of the n; particles in 
each sub-group among each other. Forces be- 
tween the particles will determine the collisions 
and also the change with time of the wave 
function. The symmetrization refers only to the 
sub-group but interactions between these par- 
ticles do not change the relative composition as 
far as two sub-groups are concerned. 

We therefore conclude that there is no place 
in the process of diffusion for the symmetrization 
of the wave functions and that the curve which 
was obtained by Massey and Mohr by symmetri- 
zation and which differs from the classical 
curve even in the limit of infinitely small wave- 
lengths lacks physical significance. 
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IV. Viscosity or A GASEOUS MIXTURE— 
APPLICATION TO NUCLEAR SPINS OF ISOTOPES 


Application of the ideas presented in the 
preceding paragraphs to other gases besides 
hydrogen will only in exceptional cases lead to 
experimentally discoverable results. The reason 
for this is to be found in the fact that most of 
the gases at temperatures which allow con- 
venient experimentation are generally composed 
of particles (atoms and molecules) in so many 
different states that interaction by similar 
particles becomes comparatively a rare event. 
This holds true primarily for molecular gases 
(apart from hydrogen) where due to the many 
rotational states present the best approximative 
description could be obtained by not symme- 
trizing the wave function. Monatomic metallic 
vapors would be more promising but they mostly 
allow observations only at so high temperatures 
that due to the small wave-length the symmetri- 
zation effect becomes unimportant. Many of 
them furthermore possess an electronic, orbital or 
spin angular momentum which leads to a weight 
factor 2J/+1 increasing the percentage of ‘‘dis- 
similar particles.’’ Their high mass also makes 
experimentation with them disadvantageous. 

The noble gases are in an exceptional position 
in that they are free of rotational states and 
have a singlet electronic term in the ground 
state. The only degeneracy which therefore can 
arise is due to a possibly present nuclear spin. 
We shall show that measurements of viscosities 
of noble gases with varying isotope content will 
give information about the nuclear spin of the 
isotopes. It is important to point out that this 
information is completely independent of the 
magnetic nuclear moment which might be 
associated with the nuclear spin. The method 
can therefore be applied even if this magnetic 
moment should be too small to give hyperfine 
structure splitting. 

For a gaseous mixture of two components, 
Chapman’ gives the formula for the coefficient 
of viscosity, 

avy? 


’ 
12° 2b’ vivet+c’ ve? 


where »; and v2 are the concentrations of the 


(26) 


7S. Chapman, Phil. Trans. 217A, 115 (1916). 


O. HALPERN AND E. GWATHMEY 


two gases. The coefficients are given by: 


3 m, Ky. 3 me Ky. 
a= 14+— C= 1+— ’ 
10 me Ki. 10 m, 
Ky, 
= ‘a, c= 
Ky Ky 
10 40 m Ky 
3 (mi+m2)? 
b’=1+— 
40 Ky Kyo 
8 (m;+m;)2kT 
mt ™m mM; 0 


(27) 


= nif (1 —cos' 6:;)pdp. (28) 
0 


and 


In these expressions the m’s are the masses of 
the molecules, 


j= Vij, 
(ms+m;)2kT 


v;; is the relative velocity, 0;; the angle turned 
through by this velocity in collision, and p is 
the perpendicular distance between the asymp- 
totes of the orbits of the colliding particles. 
The quantities affected by exchange are the 
Q:;*" which represent cross sections. For t=1 
these are the ‘‘cross sections effective in diffu- 
sion.” Quantum theory values for the hard 
sphere have been given by Massey and Mohr.’ 
The question of exchange does not arise for 
these cross sections and the corrections due to 
quantum theory are negligible except for light 
elements at low temperatures. For ¢=2 the 
Qi; take the form of the “cross sections 
effective in viscosity’’ and are represented for 
the hard sphere by (19) ; the effect of symmetry 
being accounted for by the values assigned to 
a and b. As the colliding molecules can only be 
identical when they are of equal mass the 
exchange influences the K,,;® alone, and it 
follows from the form of the latter that they 
may be expressed 


Kix =D Ky (29) 


(27) 


(28) 


of 
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Fic. 1. Viscosity of a mixture of the isotopes of neon 20 
and 21 relative to neon 20. The abscissa gives the concen- 
tration of neon 21. Curves 1 and 2 correspond respectively 
to the assumptions that neon 21 has nuclear spin 0 and }. 


where D; and S; have the meanings given them 
in the discussion of a simple gas, and K;;°(D), 
K,(S) are obtained by using the appropriate 
cross sections Qp, Qs. 

We shall now apply these results numerically 
to the isotopes of neon which, as mentioned, 
should allow of experimental verification and 
offer information as to the spin of the nucleus. 
In a mixture of the neon isotopes of atomic 
weights 20 and 21 we may assume neon 20 has 
zero nuclear spin and therefore the neon 20 
atoms are identical among themselves so that 
in (29) we will have: 


5,=1, 


since only the nuclear spin states will be present 
at ordinary temperatures. The diameters of the 
isotopes may be taken equal. With spin i for 
the neon isotope 21 we will have: 


S2=1/(2i2+1), 2ie/(2i2+1). 


D,=1-—S,=0, 


In Fig. 1, corresponding to a temperature of 
0°C and atomic diameter 2.55A, curves based 
on the above formulae (19), (26), (27), (28), are 


+ 


OG 


Fic. 2. Viscosity of a mixture of the isotopes of neon 20 
and 22 relative to neon 20. The abscissa gives the concen- 
tration of neon 22. Curves 1, 2 and 3 correspond respec- 
ey ~ the assumptions that neon 22 has nuclear spin 0, 

and 1. 


drawn to represent the coefficient of viscosity of 
the mixture of the neon isotopes 20 and 21 
relative to neon 20. Curves 1 and 2 are based 
on the assumptions of 0 and 3} for the nuclear 
spin of neon 21. In Fig. 2 analogous curves are 
given for a mixture of the neon isotopes 20 and 
22; the curves 1, 2 and 3 are respectively for 
spins 0, } and 1 for neon 22. Our knowledge of 
the constitution of nuclei leads us to expect the 
spin of zero or possibly unity. The curve re- 
ferring to spin 4 is shown for illustrative pur- 
poses. For the isotopes of argon the effect will 
be reduced due to both the larger mass and 
radius of the argon atom. Approximately (as 
may be seen from (19)), the total effect due to 
symmetry varies inversely as the molecular 
diameter and inversely as the square root of the 
mass of the molecule. The effect in the case of 
neon is susceptible to test by any of the standard 
experimental methods of measuring relative 
viscosities inasmuch as these methods easily 
secure an accuracy somewhat better than 1 part 
in 1000. 
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Shot Effect of Secondary Electrons from Nickel and Beryllium* 


BERNHARD KURRELMEYER, Brooklyn College, Brooklyn, N. Y. 


AND 


Lucy J. HAYNER, Columbia Universityt{, New York, N. Y. 
(Received August 26, 1937) 


The secondary emission ratios and shot effects from nickel and beryllium were measured over 
a range of primary energies up to 1600 volts. The results are consistent with the following con- 
clusions. At high primary energies the true secondary electrons, as distinguished from the 
reflected primaries, are emitted in groups whose distribution in size about the average is closely 
Bernoullian, There are many primaries which are buried in the body of the metal and produce 
no secondaries; their number has been determined. Disregarding reflected and buried primaries, 
the secondary emission ratio is nearly proportional to the square root of the primary energy. 
At low primary energies the effects of reflection, both internal and external, can be followed in 


detail. 


INTRODUCTION 


ECENTLY one of us! has published meas- 

urements of the shot effect of secondary 
electron currents, and has shown that such 
measurements are capable of giving information 
on the details of the mechanism of secondary 
emission. The results of that paper, which will 
be referred to as (J), have in general been 
confirmed by several other papers? dealing in 
part with the same subject. 

The measurements of (J) were made on 
surfaces coated with the oxides of barium and 
strontium. It was found that complications were 
introduced by the relatively thick oxide coatings 
and their instability. We now present the results 
of measurements, over a wider range of primary 
energies, on two other surfaces, nickel and 
beryllium. 


THE EXPERIMENTAL TUBES 


The tubes used were small triodes having 
cylindrical grid and plate, and straight axial 
filament. This form was used in preference to 


* Presented before the Physical Society, April 29, 1937. 
See Phys. Rev. 51, 1007A (1937). 

¢t This work was done at the University of Michigan 
during the summers of 1935 and 1936. 

1L. J. Hayner, Physics 6, 323 (1935); L. J. Hayner and 
A. W. Hull, Phys. Rev. 33, 281A (1929). 

2M. Ziegler, Physica 3, 1 and 307 (1936). 

?W. H. Aldous and N. R. Campbell, Proc. Roy. Soc. 
A151, 694 (1935). 
a 938) M. Penning and A. A. Kruithof, Physica 2, 793 

§V. K. Zworykin, G. A. Morton, and L. Malter, Proc. 
I. R. E. 24, 351 (1936). 


the more elaborate electron gun types because 
of the large currents (0.1 to 1 milliampere) 
needed for shot effect measurements ; and because 
of the necessity of eliminating space charge 
effects in the primary beam. 

All the electrodes were brought out through 
the usual type of squash. For some of these 
assemblies we are indebted to Mr. B. J. Thomp- 
son of the RCA Radiotron Corporation. The 
plates were of nickel sheet 0.12 mm thick and 


were 13 mm in diameter. The grids were also of | 


nickel in all cases, and were of the helical type, 
made of 5 mil (0.13 mm) diameter wire, with a 
pitch of 25 mils (0.64 mm) and diameter 7.5 mm. 
The filaments were of thoriated tungsten and 
were considerably shorter than the plates and 
grids, to avoid certain end effects. 

The plates were outgassed by continuous 
electron bombardment and periodic induction 
heating; the grids were similarly treated. The 
plates were raised to temperatures of 1000 to 
1100°C for intervals totaling half an hour to an 
hour. The process was carried on until repro- 
ducible secondary emissions were obtained. When 
getter was used the secondary emission after 
gettering was the same as before, nor did the 
sealing off affect the results. All shot effect 
measurements were made on tubes sealed off 
from the pumps. 

The one beryllium surface studied was pro- 
duced by evaporating beryllium in high vacuum 
onto a nickel plate, in a separate tube. The 
lumps of beryllium were held in a coiled tungsten 
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Fic. 1. Secondary emission ratio w for nickel and beryllium 
plotted against primary energy. 


filament. The thickness of the beryllium layer 
was about 0.01 mm, estimated from the weight 
of beryllium used. The plate was then incorpo- 
rated into the tube in which measurements were 
to be made, and was there given the treatment 
described above. 


SECONDARY EMISSION MEASUREMENTS 


The secondary emission ratio w was calculated 
from the plate current and filament emission, 
assuming the fraction of primary electrons ¢ 
which strike the grid to be given by the grid 
dimensions.*® For the cylindrical tubes used this 
assumption has been found to be true over a 
wide range of the ratio of grid to plate voltage. 
The fraction ¢ was found to be 0.250, of which 
0.200 was due to the grid wires and 0.050 to the 
two grid supports. The secondary emission ratio 
is given by 

w=1-—7,/(1—¢)to. 
The emission current ip and plate current i, were 


measured with multirange meters good to 0.1 
percent of full scale. 


‘J. M. Hyatt, Phys. Rev. 32, 922 (1928). 
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l 
Fic. 2. Low voltage portion of Fig. 1 enlarged and 
extended. In the beryllium curve the solid circles are for 


increasing primary energy, the open circles for decreasing 
primary energy, the half-open circles for both. 


There are two factors which may cause errors 
in w. First, the grid emits secondary electrons, 
some of which have sufficient energy to reach 
the plate, and thus have the effect of decreasing 
yg. If the geometrical value of ¢ is then used in 
the calculations, w will come out too small. This 
effect has been minimized by keeping the grid 
voltage equal to 3 the plate voltage. Under 
these conditions not more than 5 percent of the 
grid secondaries will have sufficient energy to 
reach the plate, and of these about half may 
return to grid wires, so that with g¢=0.250 the 
percent error in (1— ¢) or (1—w) will be less than } 
percent times the value of w for the grid. In all 
cases the error in w due to this source should be 
less than 1 percent. This has been verified by 
experiments in which the plate voltage was held 
constant and the grid voltage increased. 

This source of error was responsible for the 
decrease in w with increasing plate voltage, found 
in (I), where at the highest plate voltages the 
grid voltage was not high enough. 

The second source of error in w results from 
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the fact that some secondary electrons leaving 
the plate obliquely and with large velocities 
may strike the plate again, rather than go to 
the grid. A simple calculation shows that for the 
dimensions and voltage ratio of our tubes only 
secondaries having more than half the primary 
energy can return to the plate even if emitted at 
grazing angles. Estimated errors due to this 
factor are also less than one percent. 


SHot MEASUREMENTS 


The shot effects were measured with a five- 
stage amplifier tuned to a frequency of 110 
kilocycles. A low impedance tuned input circuit 
was used (L=230 microhenrys, C=9000uzf., 
R=4.6 ohms, from which Z~5600 ohms). About 
half the resistance was added deliberately to 
reduce the effect of the parallel resistance of 
the shot tube. 

The secondary emission shot effects were 
measured by direct comparison with tempera- 
ture-limited shot effects from a diode connected 
in parallel with the experimental tube. The 
diode shot effects were superimposed on those 
from the experimental tube; this procedure 
made it unnecessary to correct for the resistance 
of the latter. A correction was made for the 
resistance of the diode. This method is rapid 
and gives values good to 1 percent or better. 


RESULTS 


The values found for w are shown as a function 
of primary energy in Fig. 1. The values shown 
for nickel are in general within 10 percent of the 
values of Rao.’ The values for beryllium are 
some 20 percent lower than those of Copeland.$ 
Doubtless neither his beryllium surface nor ours 
was free of oxygen.® 

In Fig. 2 the values of w for energies below 
150 volts are shown on a larger scale. At the 
lowest voltages both curves become horizontal. 
The beryllium curve has a loop, the values for 
increasing voltages lying below the values for 


7S. R. Rao, Proc. Roy. Soc. A128, 41 and 57 (1930). 

8’ P. L. Copeland, Phys. Rev. 46, 167 (1934). 

9Dr. Malter of the RCA Manufacturing Co. has 
informed us that in unpublished measurements during 
deposition of the beryllium surface he has found values 
considerably lower than ours. See also H. Bruining and 
J. H. de Boer, Physica 4, 473 (1937). 
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Fic. 3. (y)a, and w for nickel plotted against 
primary energy. 


decreasing voltages. We shall discuss this effect 
subsequently. 

Any discontinuities such as those studied by 
Rao and others were not detectable in our 
curves, being entirely smoothed over by the 
potential drop of 3 to 4 volts along the filament. 

The shot effects J, were in every case meas- 
ured at the plate of the experimental tube, and 
were expressed in units of equivalent tempera- 
ture-limited current. From these measurements 
we have computed J2, the shot effect of the 
secondary electrons alone; x, the ratio of J: to 
ig the secondary current; and (7’), the mean 
square deviation of the individual secondary 
emission ratios from the average value w. These 
quantities are related to each other and to the 
primary current 7;, by the equations: 


(1) 
J2=t1{ (2) 
/w. (3) 


The principal feature of the values of J2 is 
that they continue to increase far beyond the 
voltage at which w is maximum. The maximum 
values of J2/i; obtained are about 4.7 for nickel 
and about 36 for beryllium. 

Figures 3 and 4 show (7) for each surface, 
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the values of w being included for comparison. 
Here again the most striking feature is the 
continued increase in (n*), as the maximum of 
w is passed. 


DISCUSSION OF THE RESULTS 


A complete theory of secondary emission 
would enable us to calculate the values of (7?) 
as well as those of w for any given metal. Lacking 
this, it is necessary to proceed empirically to 
interpret the results. This was done in (J) by 
dividing the primary electrons into three classes: 
(1) a fraction x reflected without appreciable 
loss of energy; (2) a fraction y which is buried 
in the metal without producing any secondaries; 
(3) the remainder z which is responsible for the 
true secondary emission. It was shown that the 
following relations hold :!° 


w=x+2w,., (4) 
0?) 
(5) 


In order to carry this analysis further it 
became necessary to make auxiliary assumptions, 


T T T T T T T T 

Beryllium 
a 
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FIG. 4. (n?)a, and w for beryllium plotted against 
primary energy. 
© (I) p. 332, Eqs. (16) and (17); except that in the latter 


the first bracket was misplaced by a typographical error. 
€ subsequent equations there given are correct. 


since each of the four unknowns in these two 
equations is a function of the primary energy. 

In (J) it was shown that while (2), may 
have any value from zero to w/’, neither of these 
extreme values would fit the data then available. 
The assumption was made that “because of the 
large number of random factors involved in the 
secondary emission process’’ the actual number 
of secondaries ejected by one primary “‘varies 
in purely random fashion. In this case (7) 
would be approximately equal to w, itself, at 
least for high primary voltages.’’ 

This assumption has been criticized by 
Ziegler" in both papers. His criticisms are 
unjustified for the following reasons. First of all 
he has incorrectly translated our assumptions 
into his notation. For instance w, is not 6—£), 
as he states (p. 11) but (6—81)/(1—B ; and 
his expression for (7.7), is similarly in error. 
Furthermore he has confused randomness due 
to time independence with randomness due to 
the many space factors involved. Although the 
secondaries from-a given primary electron are 


‘all produced within a negligible time interval, 


they are produced at different positions, have 
different velocities both in direction and in 
magnitude, and experience different energy losses 
and scattering on their way out. 

We therefore believe it is rational to assume 
that (n7),=w, whenever the maximum possible 
number of secondaries per primary is large, i.e. 
at high primary energies. 

Next we shall assign certain values to the 
fraction x. At the lowest voltages, where 
the curves of Fig. 2 are nearly horizontal, the 
fraction z and the associated w, are certainly 
negligible, so that x=w; i.e. there is only 
reflection, no true secondary emission. This has 
been found also by investigators who have 
studied the energy distribution of the secondary 
electrons. At higher energies there are fewer 
and fewer reflected primaries; but even at beta- 
ray energies there are still one percent or more. 
A smooth but slow decrease of x with increasing 
voltage is therefore required by the experimental 
evidence. 

The exact type of law which this decrease 
follows is unknown. For a square barrier the 
theory of transmission of electrons through 


1 Reference 2, especially the notes on pages 11 and 311. 
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potential barriers gives x~ W/4V,, when V,> W, 
where W is the height of the barrier. 

For a barrier due to an image force slightly 
smaller values are found. Such reflection is 
actually found at our lowest voltages. At high 
voltages the decrease in x is certainly less rapid 
than 1/V,, probably because of Bragg reflections 
or other large angle scattering from the interior 
of the metal. 

As a reasonable compromise we shall assume 
that in the case of nickel x decreases linearly 
from 5 percent at 20 volts to 2.5 percent at 
1500 volts. Even complete neglect of x, however, 
will not seriously alter our results at the higher 
voltages. The case of beryllium at low voltages 
will be discussed separately below; for high 

TABLE I. Values of w., 2 and w,/(Vp»— Vo)! or A, calcu- 


lated on the assumption that (7? 2)", =w:. Below 300 volts the 
values of A rapidly decrease. For the first three points of 


both nickel and beryllium it is preferable to use the corre- 
sponding points of Table II. 
Vp | « x we A 
Nickel 
300 | 1.065 | 2.12 | 0.045| 0.87 1.16 | 0.069 
350 | 1.130 | 2.24 .84 1.29 071 
400 | 1.185 | 2.37 80 1.42 .072 
450 | 1.230 | 2.48 .76 1.54 .074 
500 | 1.265 | 2.59 74 1.64 .075 
600 | 1.307 | 2.78 .04 .69 1.83 .076 
700 | 1.330 | 2.96 64 2.02 .077 
800 | 1.340 | 3.10 61 2.16 .077 
900 | 1.344 | 3.23 035 57 2.29 .077 
1000 | 1.338 | 3.34 54 2.40 .076 
1100 | 1.325 | 3.45 51 2.50 .076 
1200 | 1.310 | 3.54 .03 49 2.60 .076 
1300 | 1.285 | 3.63 A7 2.68 .075 
1400 | 1.260 | 3.71 45 2.76 074 
1500 | 1.230 | 3.80 025 42 2.86 .074 
1600 | 1.185 | 3.91 39 2.97 .075 
Beryllium 
150 | 2.55 3.42 | 0.047; >1 2.46 | 0.212 
200 | 3.08 4.10 0.97 3.15 .232 
250 | 3.52 4.66 94 3.70 .242 
300 | 3.83 5.18 045 .89 4.23 .250 
350 | 4.08 5.66 86 4.71 .257 
400 | 4.21 6.00 83 5.05 .258 
450 | 4.30 6.34 79 5.39 .258 
500 | 4.35 6.60 .76 5.66 .257 
600 | 4.40 7.10 04 71 6.15 .254 
700 | 4.40 7.51 66 6.57 .253 
800 | 4.37 7.87 63 6.93 .247 
900 | 4.31 8.17 035 .59 7.23 243 
1000 | 4.25 8.42 .56 7.48 .238 
1200 | 4.12 8.78 .03 52 7.84 .228 
1400 | 3.97 9.06 49 8.09 .218 
1600 | 3.74 9.30 .025 44 8.34 .210 


voltages we shall use the same values as for 
nickel. 
Our last assumption is that 


w,=A(V,— (6) 


where A is a constant and Vo is the limiting 
voltage below which no true secondaries are 
emitted. This is essentially the type of law 
predicted by Frdéhlich’s theory” of secondary 
emission for a moderate energy range above V. 

These assumptions are sufficient not only to 
yield values of z and w, over a long voltage 
range, but also to provide a check of the assump- 
tions. This is shown as follows. Using Eqs. (3), 
(4), (5), together with (7.*)y=w. we get 


2=(w—2x)/(x—1), (7) 


neglecting a term x?/w in the numerator. With 
these values of z, w, follows from Eq. (4) and A 
from Eq. (6). From inspection of Fig. 2 we have 
assigned Vo the value of 15 volts, which is close 
to the theoretical values, and also to the values 
obtained experimentally by others. The uncer- 
tainty of Vo is no greater than the uncertainty 
in V, itself due to contact potential and filament 
potential drop. 

The results are shown in Table I. For nickel 
the values of A are remarkably constant, varying 
only a few percent down to w,=1.5, near 400 
volts. For beryllium the constancy is satisfactory. 
In both nickel and beryllium, though more 
pronounced in the latter, there is a decrease in 
A at the highest voltages. The reason for this 
is not known. 

The question arises how sensitive these results 
are to the assumption (72),=w, To answer 
this, we set (n)y=Bw.,; then Eq. (7) becomes 
2=(w—2x)/(x—B) approximately, and the val- 
ues of A will be altered in the ratio («—B)/ 
(x—1). Thus a one percent deviation of A from 
the average value, from x«=3.9 to x=2.5 (in 
nickel) requires |B—1|=0.08; for beryllium 
about four times as much deviation is possible. 
(n*)w is therefore much closer to w, than to w? 
or to 

Similar calculations can be made with Ziegler’s 
data for barium oxide coated surfaces. These 
data do not extend below 50 volts, so that 
experimental information about x is not avail- 


® H. Frohlich, Ann. d. Physik 13, 229 (1932). 
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able. Neglecting x, the values of A range from 
0.33 at 800 volts to 0.28 at 400 volts. With 
normal values of x the constancy would be 
improved and extended. Similarly the data of 
Penning and Kruithof® for a caesium-oxygen- 
silver surface give values of A from 0.30 at 600 
volts to 0.35 at 100 volts. The trend of these 
values seems to be opposite to the normal trend; 
however, their data are in some cases given to 
10 percent only. 

Without further knowledge of the mechanism 
of secondary emission, the similarity of the A 
values for these surfaces must be regarded as 
accidental. 

In the low voltage range we must not expect 
(n2)w=, to hold. Retaining the other assump- 
tions, we have calculated (7,.?)w from Eqs. (1)- 
(5), in the form 


(n2 w= (8) 


using values of w, extrapolated from the high 
voltage range’ by means of Eq. (6). For this 
purpose we have taken A as 0.075 for nickel 
and as 0.255 for beryllium. This procedure 
yields the values shown in Table II. 

These values of (7.*) lie below the values of 
w;. This is to be expected, for in the limiting 
case where there are only single secondaries we 
must have i.e., k=1. This limit 
is almost reached at the lowest voltages in 
nickel. (Below 25 volts the beginning of space 
charge effects made shot effect measurements 
uncertain, although the w values were not 
affected. ) 

The situation in the beryllium tube at the 
lower voltages was very complex. The loop 
already mentioned, in the region of Fig. 2 
between 20 and 50 volts, evidently represents 
some type of change in the surface. This change 
may involve sudden removal of a layer of atoms 
from the surface when the primary voltage 
reaches the point where the lower curve jumps 
to the upper one. We shall assume that the 
electron reflection coefficient of the surface is 
altered, and with it x and z, the latter because 


(1938) M. Penning and A. A. Kruithof, Physica 2, 800 

“ It may seem surprising that w, can have values less 
than 1; but the fraction z must include primaries which 
poten secondaries of which only one or none escape 
rom the surface. 


TABLE II. Values of (n.*)w and sz, calculated on the 
assumption that w,=A(V,—Vo)*; A=0.075 for nickel, 
0.255 for beryllium. 


Vp w | x | | | 
Nickel 
25 | 0.13 | 1.04 |0.05 | 0.24 | 0.20 | 0.33 
30 | | 1.06 29 38 
35 | 1185] 1.08 34 ‘25 | 40 
40 | (215!) 1.11 38 "29 | 43 
50 | 1.16 45 "38 | (49 
75 | 1.28 58 43 | 162 
100 | 1.38 69 ‘30 | 
150 | [715] 1.58 87 65 .77 
200 | '855| 1.80 1.02 | (79 
250 | (975| 1.97 11s | 101 | 
300 | 1.065| 212 | .045 | 1.27 | 1.14] 80 
350 | 1.130] 2.24 1.38 | 1.26] 
400 | 1.185| 2.37 148 | 1.51 | 77 
Beryllium 
0.336 | 1.07 | 0.17 0.27 | 0.21 
25 296 1.03 19 0.81 23 13 
"542| 1.25 | .08 "30 | 146 
30 380 112 19 ‘99 28 20 
143 | ‘60 
35 1.25 Ags 1.14 32 25 
1.55 | .0 39 | (63 
40 | ‘570| 138 | 18 1:28 "36 | 131 
50 | 1.04 | 1.76 | 105 | 1.51 43 | 166 
75 | 1.50 | 223 | 05 | 1.98 | .73 
100 | 1.86 | 264 | 05 | 2.35 "78 | (77 
iso | 255 | 3.42 | 05 | 296 | 1.51 | 86 
200 | 308 | 410 | 05 | 3.47 | 232] 890 
250 | 3.52 | 4.66 | .05 | 3.90 | 3.12 | 90 
300 | 3.83 | 5.18 | .045 | 4.32 | 3.93 | 89 


of internal reflection of outward bound second- 
aries. We assume also that w, and (n,’) are 
functions of the conditions in the interior, and 
are not altered by surface change. 

To test these assumptions we have assigned 
different values of x to several points on the 
two branches of the loop, using for the lower 
branch the values found at the lowest voltages 
(about 20 percent), and for the upper branch 
values similar to those for nickel (about 5 
percent). We then calculated z and (7,*)w, as in 
the case of nickel using the same values of w, for 
each branch. The results show two interesting 
features: (1) the values of (7.*)w for the two 
branches are equal within their precisions; (2) 
the ratio of the z values for the two branches 
is nearly constant, being 0.43, 0.42 and 0.49 
for the three points not lying in the transition 
regions, at 30, 35, and 40 volts. This last result 
leads to an estimate of the internal reflection 
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primary energy. 


coefficient for the lower branch. If the upper 
branch (large z) represents a condition with no 
internal reflection, the lower branch will involve 
about 55 percent internal reflection. This is not 
an abnormally high value, considering that the 
average secondary electron energy is 2-4 volts, 
and that the primaries at 15-20 volts are 20 
percent reflected. 

These results are consistent with the assump- 
tions made. We have tried other assumptions 
which led to contradictions. It seems therefore 
that shot effect measurements can be used to 
distinguish surface effects from volume effects 
in the mechanism of secondary emission. 

The values of z for nickel and those for 
beryllium are very similar, the latter being 
slightly larger. It is difficult to say what relative 
values one would expect, let alone to estimate 
absolute magnitudes. The atomic number, the 
atomic density (which is 30 percent higher for 
beryllium than for any other element), and the 
value of w, are among the factors which must 


be considered, 


It appears from these results that the decrease 
of w at high voltages is due to the increase of 
the number of buried primaries, rather than to 
any decrease in the number of secondaries for 
those primaries which are effective. This suggests 
that secondary emission is in large part due to 
primaries which have been scattered through 
angles of nearly 180° without loss of energy. 
There is other evidence pointing in the same 
direction: the existence of reflected primaries, 
together with the fact, established with thin 
foils, that an outward bound fast electron 
produces more secondaries than an inward bound 
one of the same energy. If this is so the theory 
of Fréhlich, which in its present form applies 
only to inward primaries and neglects scattering, 
must be considerably extended. 


PRACTICAL BEARING OF THE RESULTS 


As a matter of practical interest we have 
given in Fig. 5 the values of w/x, the ratio of 
signal power amplification to shot effect power 
amplification by a single stage of secondary 
emission, assuming that the primary current is 
100 percent modulated by the signal. This ratio 
is also important in multistage electron multi- 
pliers. The shot effect in multistage multipliers 
has been discussed by Shockley and Pierce," 
who have given the general relations involved, 
and have shown that the principal factor 
determining the multistage shot effect is a 
quantity 6 equal to (x/w)—1. It will be seen 
that at low voltages this particular beryllium 
surface is definitely superior to the other types 
in this respect, having the highest values of 
w/x, or lowest b. 

In conclusion we wish to express our gratitude 
to Professor H. M. Randall, who placed the 
facilities of the physics laboratories of the 
University of Michigan at our disposal; and 
especially to Professor N. H. Williams, who 
furnished the amplifier and other apparatus, and 
was most generous and helpful in many other 
ways. 


%©In process of publication. We are indebted to Dr. 
Shockley for information on this subject, and for his 
kindness in sending us a copy of the manuscript. 
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Etched surfaces of single crystals of cuprous oxide 
produce electron diffraction patterns consisting of spots 
and Kikuchi lines. In some cases lines are observed cor- 
responding to all of the most widely spaced planes of 
copper atoms which are so situated as to be able to give 
reflections on the photographic plate. An example is given, 
however, of a diffraction pattern from which lines due to 
the most widely spaced plane of atoms, (111), are missing 
when this plane lies parallel to the primary beam direction; 
the lines appear when the crystal is rotated to destroy this 
parallelism. The existence of Kikuchi line patterns in- 
dicates that the surfaces of etched cuprous oxide single 
crystals are relatively smooth. When spot patterns also 
appear they show anomalies which seem attributable to 
refraction, thus confirming the conclusion regarding 
smoothness. An example is given of an array of spots made 
up of three distinct patterns which are displaced with 
respect to each other and with respect to the primary 
beam position. Polycrystalline surfaces made up of rather 


large crystals produce patterns of spots which are often 
drawn out into streaks lying approximately parallel to the 
plane of incidence. This effect, which is attributable to 
refraction and is a proof of smoothness of the surface, is 
most pronounced after etching in nitric acid. It is rarely, 
or never, found after etching in a mixture of hydrogen 
peroxide and ammonium hydroxide. Nitric acid etch 
produces upon the surface of a single crystal of cuprous 
oxide, or upon a polycrystalline surface made up of rather 
large crystals, crystals of some new compound which are 
cubic with cell edge 8.35A. These are sharply oriented 
with one or another of the most important planes parallel 
to the gross surface plane of the oxide. The sharpness of 
this orientation is proof of the flatness of the underlying 
oxide surface upon which the crystals are formed. This 
new 8.35A structure is produced by potassium cyanide 
etch as well as nitric acid, but never by sulphuric acid nor 
by ammonium hydroxide. 


N the introduction to a paper on the diffraction 

of electrons by galena' it was stated that 
“unexplained and complex phenomena had been 
discovered in the investigation of less simple 
crystals.” This statement referred to cuprous 
oxide. Unexplained phenomena discovered in 
these studies supplied the stimulus for the 
experiments upon galena; it was hoped that the 
investigation of such a simple crystal might 
supply a foundation upon which could be built 
an understanding of the observations on cuprous 
oxide. 

This hope was not realized; the diffraction by 
galena is normal in most respects and throws no 
light on abnormalities of the diffraction by 
cuprous oxide. Most of these appear to be due 
to the unusual smoothness of etched surfaces of 
cuprous oxide, and to resulting refractive effects. 
Although the experimental observations are 
explained in a general way, detailed under- 
standing of some of them is still lacking. 


PRODUCTION OF CuPROUS OXIDE CRYSTALS 


Some of the experiments upon cuprous oxide 
were carried out upon polycrystalline material, 


1Germer, Phys. Rev. 50, 659-671 (1936). 


and some upon single crystals. The latter were 
made by completely oxidizing sheets of copper 
in an oxygen atmosphere, and then maintaining 
the oxide at a temperature near its melting 
point for several hours. 

In a typical run, several small sheets of Chili 
copper, each 0.3 mm thick, were hung on 
platinum hooks in a quartz tube which stood in 
a platinum wound furnace. After exhausting the 
tube by a mercury vapor pump the temperature 
was raised to about 1030°C. Purified oxygen was 
then admitted to a pressure of 8 mm of mercury, 
and the temperature maintained at 1030°C for 
75 minutes. This treatment converts the copper 
completely to oxide. After this interval the 
temperature was raised close to the melting 
point of the oxide (1235°C) and held there for 
four hours. The oxygen was then pumped out 
and the temperature lowered. 

Several crystals having superficial areas of 
the order of 20 mm? have been prepared in this 
manner. These are deep red in color and trans- 
parent. Surfaces appear to be free from other 
compounds and have the smoothness of vitreous 
china. The orientation of the crystals has proved 
to be quite unpredictable. Diffraction patterns 
obtained from them show that the material is 
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cuprous oxide which has the structure of the 
mineral cuprite, and from these patterns the 
orientation of each crystal can be determined 
readily. 


DIFFRACTION PATTERNS OF KIKUCHI LINES 


The diffraction pattern reproduced in Fig. 1 
was formed by electrons scattered at small 
glancing angle from a cuprous oxide crystal 
which had been deeply etched in cold concen- 
trated nitric acid. Separation, D, between a pair 
of black and white lines of such a pattern is 
related to the spacing, d, of corresponding 
crystallographic planes through the equation 
Dd=Ly where L is the distance from crystal to 
photographic plate and X the electron wave- 
length. For this diffraction pattern the constant 
has the value 2.14 10-* \ being about 
0.055A. Values of d are calculated at once for a 
number of pairs of black and white lines of Fig. 1. 


TABLE I. Kikuchi lines of Fig. 1. 


Lines BLACK Lines WHITE 


ON ORIGINAL On ORIGINAL 
H PLATE PLATE 
4 200 200 
11 113 113 
T13 113 
16 400 400 
19 313 
313 313 
20 024 
24 224 
224 224 
27 511 7 
511 
35 513 
513 513 
36 600 600 Missing 
424 
424 424 
40 026 
602 Missing 
44 226 
226 
51 711 
56 624 
426 
426 Missing 
624 624 Missing 
59 137 
713 
137 Missing 
64 800 
67 337 
83 537 
84 824 
107 737 
6 112 
14 312 


It turns out that these agree with important 
spacings in the cuprite structure, and the relative 
positions of the lines correspond to a single 
crystal. (Except for some unusual cases the 
orientation of a crystal must always be com- 
pletely known when the spacings corresponding 
to any three pairs of lines, which are inclined to 
each other, have been identified.) 

There are so many anomalies in relative 
intensities of Kikuchi lines, and in their behavior 
near intersection points, that it has seemed 
worth while to find out whether or not lines are 
observed corresponding to all of the most widely 
spaced planes which are situated to give re- 
flections on the photographic plate. It is entirely 
impracticable to calculate the positions of all 
possible lines on the plate, as their number is 
exceedingly large. An upper limit to the indices 
of possible reflections is obtained by writing the 
Bragg formula in the form Q=(4sin® 6)/). 
Here Q represents the appropriate quadratic 
form; for a cubic crystal Q=(h?+k?+P)/a’, 
where a is the length of an edge of the unit cube. 
An upper limit is obviously Q<4/)*. In the 
x-ray analogs of Kikuchi lines obtained by 
Kossel and Voges and by Borrmann? the total 
number of possible lines is quite small, and all 
possible lines are observed. In experiments with 
fast electrons, on the other hand, the wave- 
length, X, is so small that the number of possible 
lines is enormous. 

In cuprite the copper atoms form a face- 
centered cubic lattice, and the oxygen atoms a 
body-centered lattice. The length of an edge of 
the unit cube is 4.26A. In calculating positions 
of lines on the photographic plate attention 
has been restricted to those to which copper 
atoms contribute. Some lines produced by oxygen 
atoms alone have also been identified, but these 
are naturally weak and few in number. 

In Table I are tabulated Miller indices of the 
most widely spaced planes of copper atoms for 
which the calculated positions of diffraction 
lines fall upon Fig. 1. The procedure has been 
first to calculate positions of all lines due to 
planes for which H=Qa?=3 (none of which 
happen to be on Fig. 1), then all lines for which 
H=4, H=8, H=11 and so on through the series 


2 Kossel and Voges, Ann. d. Physik 23, 677-704 (1935); 
Borrmann, Ann. d. Physik 27, 670-693 (1936). 
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(A) 
Fic. 1. Diffraction pattern from a crystal of cuprous oxide deeply etched in nitric 
acid. (Reproduced 0.7 full size.) 


of values corresponding to the face-centered 
arrangement of copper atoms in the oxide 
structure. The list of possible Kikuchi lines of 
Table I is complete through /7=59 for black 
lines, and through /] =56 for white lines. Below 
these in the lower section of the table are listed 
a few other “‘black’’ lines which are identified 
on Fig. 1(B), the last two of them being due to 
oxygen atoms. 

Except for those marked ‘‘missing”’ all of the 
lines of Table I are discovered on Fig. 1, and are 
indicated on the edges of the two prints. (As 
these are contact prints from the original plate, 
lines marked “‘black”’ in Table I appear here as 
white, and vice versa). Four additional weak 
lines which are due to oxygen atoms alone have 
been identified, making a total of 44 lines. 
These account for all the lines which can be 
discovered on the original plate of Fig. 1, except 
8 very weak lines which have not been identified. 
It seems altogether probable that the indices of 
these too could be discovered without great 
effort. These observations seem to prove that 
the density of a plane of atoms is the predomi- 
nant factor in determining the strength of a 
diffraction line; all of the dense planes produce 
strong lines. 


624.5! 71 


424 312624 824 
(B) 


The Kikuchi lines of Fig. 1 can be divided 
into families, each family being associated with 
a parabola to which all of its members are 
tangent. Thus in Fig. 1(A) are designated all 
the observed lines produced by planes belonging 
to the zone [031]. The intersection of the zone 
axis of these planes is indicated by a star drawn 
on the print. All black and white lines of the 
form (h13) are tangent respectively to a black 
parabola and to a white parabola which have a 
common axis and a common focus; the axis is 
the intersection with the plate of the (100) 
plane, and the focus is the intersection of the 
[031] zone axis. All white lines of the form 
(h26) are tangent to another such parabola. 

All the remaining lines of Table I are indicated 
in Fig. 1(B). These include all lines produced by 
planes belonging to the zone [021], with the 
exception of the (00) lines which belong to 
both zones and are indicated in Fig. 1(A). Lines 
of the form (24) are tangent to a black or to a 
white parabola which have a common focus at 
the intersection of the [021] zone axis, and the 
same axis as the parabolas of the [031] zone. 
None of these parabolas is well marked on the 
photographs, and none of the families of lines is 
clearly differentiated. 


\ (800 [o2T] 
713 426 
a 7 
[037 
313 
513 
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511 602 


331 420 


511 420 331 


Fic. 2. Pattern from a cuprous oxide crystal etched in 
a ~ of NH,OH and (Reproduced 0.7 full 
size. 


Under favorable conditions parabolas are 
sometimes very striking, and actually stand out 
clearly quite independent of the lines which are 
tangent to them. Such a case is shown in Fig. 2. 
This pattern was produced by a cuprous oxide 
crystal which had been deeply etched in a 
mixture of ammonium hydroxide and hydrogen 
peroxide. 

The black and white parabolas which are 
prominent in Fig. 2 have as their common focus 
the intersection of the [123] direction with the 
photographic plate, and as their common axis 
the intersection of the (111) plane. Lines tangent 
to these parabolas are indicated around the 
edge of the print, and are marked by asterisks 
in Table II. Such tangent lines have indices 
(4—p, p+2, p), where p is any whole number. 
The planes which produce these lines pass 
through the [123] direction as a common zone 
axis. Of this family of tangents all those appear 
on the print for which /7 <59, with the exception 
of the lines (064) which are not found. 

In addition to the family of 13 Kikuchi lines 
which are tangent to the parabolas and are 
indicated on Fig. 2, 23 other lines have been 
identified. The indices of lines of both classes are 


Fic. 3. Pattern from the crystal which produced Fig. 2, 
after a 4° rotation about the normal to its surface. (The 
crystal had been re-etched in nitric acid.) 


written down in Table II, but only the tangents 
to the parabolas are marked along the edge of 
the print in order to avoid confusion. The table 
contains indices of all possible lines due to copper 
atoms for which J/<59. A few identified lines, 
due to oxygen atoms alone, are named in the 
lower section of the table. The lines (im) are 
missing in all orders. Except for these, all 
possible lines are found for J7<59, with the 
exception of the lines (064) (J7=52) and the 
white line (264) (J7=56). 

Absence of the lines (mm) is of some interest. 
The crystallographic plane (111) intersects the 
photographic plate along the axis of the parabolas 
and is almost normal to the crystal surface and 
parallel to the primary beam direction. This 
parallelism with the primary beam must be 
responsible for the absence of reflections; the 
reflections appear when parallelism is destroyed 
by rotating the crystal slightly about the normal 
to its surface. Fig. 3 shows a photograph obtained 
after rotation of about 4°. Reflections (111) are 
clearly seen as a broad band in the upper part of 
the figure. On the simple view of the occurrence 
of Kikuchi lines, which was first put forward,’ 
this is the behavior to be expected; one would 
predict diffraction effects only from planes which 
are not parallel to the primary beam. Bands 
from such planes are, however, generally ob- 
served,t and the complete absence of (nn) 
reflections when the primary beam lies paralled 


3 Kikuchi, Jap. J. Phys. 5, 83 (1928). 
4 See e.g. Germer, Phys. Rev. 49, 163 (1936) Fig. 2B. 
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to the (111) plane is unusual, if not unique, in 
the literature of the subject. 


DIFFRACTION PATTERNS OF SPOTS 


The patterns (Figs. 1-3) contain other features 
of interest in addition to Kikuchi lines; Figs. 2 
and 3 exhibit well-defined patterns of spots and 
Fig. 1 an array of arcs situated along what 
appear to be layer lines. 


The spot pattern of Fig. 2 


The occurrence of the spot pattern in Fig. 2 
may be taken as evidence that the surface of 
this crystal was somewhat rough; it is generally 
agreed that such patterns are produced by 
electrons which have passed through microscopic 
ridges rising above the general level of the crystal. 
The absence of a similar pattern in Fig. 1 
indicates that the surface of the first crystal was 
considerably smoother. This difference between 
the two surfaces may be attributed to different 
methods used in etching; the nitric acid etch 
evidently develops an extremely smooth surface 
on cuprous oxide, whereas the etch in ammonium 
hydroxide and hydrogen peroxide produces a 
surface which is considerably less smooth. These 
conclusions are substantiated by microscopic 
examinations, and by other observations to be 
described later. 

The pattern of spots in Fig. 2 is only partially 
understood. It appears, however, to be attribut- 
able to the structure of cuprous oxide and to be 
related, in a manner which is not very simple, 
to the crystal orientation (determined by the 
Kikuchi lines). 

In order to calculate the diffraction pattern 
for a particular crystal orientation one proceeds 
most simply by considering the reciprocal lattice 
of the crystal. To find what reflections will 
occur when the primary beam enters the crystal 
along a particular direction one constructs 
through a lattice point of the reciprocal lattice a 
plane normal to this direction. The diffraction 
pattern will be similar, in the neighborhood of 
the primary beam position, to the array of 
lattice points which falls on, or near, this plane. 
The primary beam lies almost exactly along a 
[347] direction, as determined from the pattern 
of Kikuchi lines. When one calculates the array 
of lattice points on a (347) plane of the reciprocal 


lattice it is found not to be in satisfactory 
agreement with the principal pattern of spots in 
Fig. 2. If, however, one assumes for the primary 
beam a direction parallel to [123], fairly satis- 
factory agreement with the observed pattern is 
obtained. 

For the copper atoms in cuprous oxide the 
reciprocal lattice is body-centered cubic with 
cube edge 2/a, and for the oxygen atoms face- 
centered with the same edge. Points falling on 
(123) planes of these lattices are given in Fig. 4; 
in Fig. 4(A) are points of the reciprocal lattice 
of copper atoms lying in the (123) plane and in 
Fig. 4(B) points of the reciprocal lattice of 
oxygen atoms lying in this plane. The lattice 
dimensions have been multiplied by the factor 


‘LX to reduce them to millimeters on the diffrac- 


tion pattern. In other words, the edge of each 
unit cube is taken to be 2LA/a=10.05 mm. 

The spots of Fig. 2 lie along lines which are 
parallel to each other and inclined only slightly 
to the vertical direction. Along each of the lines 


TABLE II. Kikuchi lines of Fig. 2. 


Lines BLAck 
On ORIGINAL 


Lines WHITE 
On ORIGINAL 


H PLATE PLATE 
3 T11 Missing T11 Missing 
12 222 Missing 222 Missing 
19 * $31 
133 
20 420 * 420 * 
402 
042 
24 242 * 242 * 
422 
27 333 Missing 333 Missing 
511 * 511 * 
35 153 * 153 * 
153 
513 
36 442 
244 
40 602 * 602 * 
620 
43 533 533 
353 
48 444 Missing 444 Missing 
$1 551 
52 640 
064 *Missing 064 *Missing 
56 624 
462 
264 
264 Missing 
59 713 * 713 *Missing 
6 121 121 
211 
10 301 301 
310 
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Fic. 4. Calculated diffraction pattern of spots from the 
crystal which produced Fig. 2. A—Pattern due to copper 
atoms. B—Pattern due to oxygen atoms. (Reproduced 
0.5 full size.) 


spots are equally spaced, with the same separa- 
tion on the different lines. Three well-defined 
lines of strong spots evidently form a single 
pattern, to which also belongs a line of weak 
spots spaced midway between two of the lines of 
stronger spots. In addition to this principal 
pattern, there are two lines of ill-defined spots 
which seem unrelated to each other and are 
evidently portions of two other patterns. 

The principal pattern of spots is strikingly 
similar to a superposition of Figs. 4(A) and 4(B). 
The strong spots are like the pattern of Fig. 4’A), 
the dimensions and angle agreeing as accurately 
as they can be measured. Also the angular 
orientation with respect to the line pattern is 
precisely correct; the vertical lines of closely 
spaced strong spots which are calculated to lie 
parallel to the [111] direction are actually 
observed to lie accurately normal to the axis of 
the parabolas which is the trace of the (111) 
plane, and the line of spots which is calculated 
to lie along a [210] direction is found to be 
precisely normal to the (420) Kikuchi lines. The 
line of weak centrally spaced spots may be 
attributable to oxygen atoms. There are, how- 
ever, twice as many of these weak spots as 
predicted in Fig. 4(B). This has not been 
explained. 

Although there is considerable agreement 
between the observed pattern and the calculated 
pattern just described, there are some marked 
anomalies. In the first place the calculated 
pattern is not the one actually expected; the 
curvature of the sphere of reflection has been 
ignored, and the primary beam direction is 


really approximately [347] and not [123], 
Furthermore it is quite clear that the diffraction 
pattern has been displaced as a whole. This js 
evidenced by the fact that the primary beam 
position is not a point of the pattern. It seems 
altogether probable that this displacement is due 
to refraction, and that its magnitude is deter- 
mined by the true glancing angles of the incident 
and emergent beams upon the crystal surface. 
This hypothesis is supported by the existence of 
the two subsidiary spot patterns, each consisting 
of one line of spots only. These may arise from 
other portions of the crystal surface upon which 
true glancing angles are different, and for which 
refractive displacements are thus also different. 
It should be pointed out that the individual 
lines of spots correspond to reciprocal lattice 
points which occur not only in the (123) plane 
but also in the (347) plane, or any other plane 
of the [111] zone. 

Although I believe that the translations of the 
three patterns with respect to each other are due 
to refraction and different glancing angles upon 
portions of the crystal which produce the three 
patterns, the type of surface contour which can 
be responsiblé for such refractive displacements 
is not at all clear. The anomalies of the diffraction 
pattern described here are, however, not unique; 
etched surfaces of other crystals of cuprous oxide 
have also yielded spot patterns which show 
effects apparently attributable to refraction, and 
which cannot be readily interpreted completely. 


The spot pattern of Fig. 1 


Although the primary beam position does not 
appear in Fig. 1, its location is known with fair 
accuracy. In the neighborhood is a considerable 
array of short arcs arranged along lines lying 
parallel to the shadow of the specimen surface. 
(Part of a similar pattern appears also in Fig. 3.) 
One suspects that this is the pattern of a mass 
of crystals oriented with some important crystal- 
lographic plane parallel to the surface. 

These crystals must have been deposited as a 
result of the etch treatment. From the extremely 
high degree of orientation which they possess 
we can conclude that the supporting surface of 
the oxide crystal must be extremely smooth. 
This confirms a conclusion which was reached 
earlier. 
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Measurement of the radii of the two strongest 
arcs along the center line of Fig. 1 tempts one 
to conclude that they are (220) and (440) 
reflections from oriented crystals of cuprous 
oxide. The radii of the weaker arcs lying between 
these two agree with (222) and (330) reflections. 
These four arcs can be attributed to a mass of 
cuprous oxide crystals, some oriented with (110) 
planes, and some with (111) planes, parallel to 
the supporting surface, the first orientation 
beiirg much the more common. Furthermore, the 
lines of short arcs occur at correct positions for 
layer lines due to oxide crystals lying in the 
(110) orientation. 

When, however, on the basis of this tentative 
interpretation, one calculates positions of re- 
flections along the layer lines it turns out that 
the reflections observed on Fig. 1 are spaced more 
closely than those which would be produced by 
the postulated crystals of cuprous oxide. One 
can say positively that the oriented crystals 
which produce the pattern of arcs on Fig. 1 do 
not have the crystalline form of ordinary 
cuprous oxide. The pattern is due to some new 
form of crystalline material which must have 
been produced from the oxide by the nitric acid 
etch treatment. 

Additional data bearing upon the structure of 
this unidentified material have been obtained 
from diffraction patterns produced by poly- 
crystalline cuprous oxide etched in nitric acid. 
These patterns usually contain unidentified 
Debye-Scherrer rings, but sharply defined arcs 
are often found which resemble those along the 
center line of Fig. 1. A pattern of this sort is 
reproduced in Fig. 5. Radii of arcs along the 


TABLE III. Arcs along center line of Fig. 5. 


EsTIMATED CALcu- 
MEASURED | INTENSI- LATED 
Rapti TIES MILLER INDICES 
3.5 mm 7 110 3.5 mm 
4.2 7 111 4.3 
6.0 1 may be (211) reflection 
7.0 8 2(110) 7.0 
8.5 4 2(111) 8.5 
10.4 1 3(110) 10.5 
12.8 7 3(111) 12.8 
13.9 8 4(110) 14.0 
17.0 7 4(111) 17.1 
18.0 1 may be 3(211) reflection 
20.7 1 6(110) 20.9 
21.2 3 5(111) 21.4 


| 


Fic. 5. Diffraction pattern from polycrystalline cuprous 
oxide etched in nitric acid. (Reproduced full size.) 


center line of this figure are recorded in the first 
column of Table III, and estimated intensities 
in the second column. The arcs obviously repre- 
sent various orders of reflection from two 
different sets of crystal planes. Spacings of these 
planes are in the ratio 1/2 : 1/13, as closely as 
the radii can be measured. This fact suggests 
that the oriented crystals are cubic, and that 
they are grouped into two classes having re- 
spectively (110) planes and (111) planes parallel 
to the supporting surface. This hypothesis is 
strengthened by the fact that some etched 
specimens of cuprous oxide show strong reflec- 
tions along the center line corresponding to 
spacings in the ratio 1/4! : 1/v2 : 1/3, the two 
latter spacings being just those discovered from 
the pattern of Fig. 5. 

The unit cell of the cubic structure which 
accounts for the arcs just described has an edge 
of length approximately twice that of the 
cuprous oxide cell, 4.26A. (Thus the strong arcs 
of Fig. 1, to which the indices (220) and (440) 
were tentatively assigned, are really (440) and 
(880) reflections from the crystals which have 
this larger cell size.) Indices of the various arcs 
of the pattern of Fig. 5 are written down in the 
third column of Table III. In the fourth column 
are given radii calculated from these indices, 
assuming = 2(4.26)A and LA=2.10XK10-* mm’, 
which is slightly lower than the value 2.14 10-* 
applying to the patterns of Figs. 1-3. 

It appeared to be desirable to determine the 
edge of the unit cell of the newly developed 
cubic structure as accurately as possible. The 
extremely good agreement between the first and 
fourth columns of Table III is somewhat 
fortuitous because the value of the constant LA 
was not determined by independent calibration 
at the time the pattern of Fig. 5 was obtained. 
A satisfactory direct comparison of the dimen- 
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sions of the unit cells of the new structure and 
of cuprous oxide was made in a rather easy 
manner. The diffraction pattern from a piece of 
oxide, which has been heavily abraded on emery 
paper, always consists of the Debye-Scherrer 
rings of the oxide and nothing else. It was 
thought that, by very light abrasion of an etched 
surface, these rings could be developed without 
entirely destroying the original pattern of arcs. 
After several attempts such a composite diffrac- 
tion pattern was obtained. Direct comparison 
of the resulting rings and arcs yielded 


ag= 8.35 +0.05A 


as the edge of a unit cube of the new structure, 
assuming 4.26A as the edge of the cuprous oxide 
cell. A similar direct comparison is, of course, 
possible between spacings of arcs and of Kikuchi 
lines on Fig. 1. Separations of the latter cannot, 
however, be measured with precision sufficient 
to make this advantageous. 

Assuming a cubic structure with edge of the 
unit cell equal to 8.35A, one can successfully 
assign indices to all of the arcs of Fig. 1. Data 
relating to these are contained in Table IV. In 


TABLE IV. Data relating to the pattern of arcs of Fig. 1. 


CALc. 
MEASURED | DISTANCE CaALc. DISTANCE 
DISTANCE oF RE- DISTANCE oF RE- 
OF LAYER | FLECTION OF LAYER | FLECTION 
LINE FROM FROM EstTI- LINE FROM FROM 
PRIMARY | CENTER OF | MATED PRIMARY | CENTER OF 
BEAM LAYER INTEN- | MILLER BEAM LAYER 
POSITION LINE SITY INDICES| POSITION LINE 
7.3mm 0mm 3 220 7.3mm 0mm 
1 222 al 
11.0 0 Missing 330 10.9 0 
2.5 1 331 2.6 
6.0 3 422 6.3 
7.6 2 333/511 7.7 
14.5 0 10 440 14.5 0 
5.2 2 442 5.1 
8.5 4 533 8.5 
10.2 5 444 10.2 
13.0 4 713/535 13.3 
17.2 2 
20.6 3 
25.1 2 
18.0 0 Missing 550 18.1 0 
2.6 1 551 2.6 
6.1 1 642 6.3 
7.7 1 553/731 7.7 
21.8 0 3 660 21.8 0 
4.7 4 751 4.4 
12.5 5 844 12.6 
12.8 2 
29.0 0 6 880 29.0 0 
10.1 1 884 10.2 
8.8 0 | 3 222 8.9 
10.2 0 2 400 10.2 
17.7 0 4 444 17.7 


L. H. GERMER 


Fic. 6. Marked refractive effects exhibited by polyerystal- 
line cuprous oxide etched in nitric acid. 


the first column are measured distances of layer 
lines from the primary beam position, and in 
the second column distances of reflections which 
lie along a layer line from the center of the line. 
Estimated intensities are given in the third 
column. In the fourth are Miller indices of the 
reflections, and in the fifth and sixth calculated 
positions respectively of the layer lines from 
the primary beam position and of each reflection 
from the center of its layer line. (In these 
calculations LA=2.14+10-* mm’). The upper 
part of the table contains those reflections 
attributed to crystals in “‘the (110) orientation,” 
and the lower part the relatively weak reflections 
produced by crystals in (111) and in (100) 
orientations. 

All reflections recorded in the first two columns 
of Table IV are adequately accounted for by the 
cubic cell of edge 8.35A, but many possible 
reflections are missing including all those which 
would not be produced by a face-centered cubic 
structure. That the structure is not strictly 
face-centered cubic is, however, proved by the 
presence of (110) and (330) reflections in Fig. 5, 
as shown in the data of Table III. Some con- 
sideration has been given to indices of those 
possible reflections which are absent from the 
data of Table IV, but I have been unable from 
these to draw any further significant conclusions 
regarding the structure. 


FURTHER CONSIDERATIONS 


Some investigation has been made of condi- 
tions under which oriented cubic crystals of cell 
edge 8.35A are developed on cuprous oxide 
surfaces. It has been found that they rarely, 
if ever, occur on surfaces which are polycrystal- 
line and in which crystals are very small; from 
such surfaces are obtained unidentified Debye- 
Scherrer rings which may be due to randomly 
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oriented crystals having this structure, but this 
has not been established. The oriented crystals 
occur on surfaces in which the cuprous oxide 
crystals are relatively large and show some 
preferred orientation. The degree of orientation 
of the new crystals is, however, always very 
much more pronounced than that of the under- 
lying oxide crystals, and it has not ever been 
discovered what the relation is between the 
types of orientation exhibited by the two sets of 
crystals. That there is some relation is, however, 
proved by the fact that different samples of 
oxide, broken from the same large polycrystalline 
sheet, develop on their surfaces new structures 
which show the same orientation; samples from 
different sheets may develop crystals having 
different orientations. 

In investigating different methods of etching 
cuprous oxide it has been discovered that the 
new structure is developed by potassium cyanide 
solution, as well as by nitric acid. It is never 
produced by sulphric acid etch, nor by am- 
monium hydroxide etch. Various washing tech- 
niques have been tried after etching, but these 
seem to have no effect upon the results. 

Further evidence of the remarkable smooth- 
ness of etched cuprous oxide surfaces is furnished 
by refractive effects which are usually observed 


in patterns from polycrystalline surfaces etched 
in nitric acid. An extreme example of this is 
furnished by Fig. 6.5 From the lengths of the 
streaks in this figure, and in other similar 
patterns, one can estimate crudely the mean 
inclination of minute surfaces of single crystals 
to the gross plane of the oxide. Another estimate 
of this quantity can be made quite independently 
from average inclinations of streaks to the plane 
of incidence. Both methods agree in indicating 
that the streaks are produced by crystal surfaces 
which are inclined to the mean surface plane by 
angles in the range between zero and about 
five degrees. 

Shortness of oriented arcs due to the new 
8.35A structure indicates that crystals of this 
material are oriented with an important crystal 
plane lying within about four degrees of the 
mean surface plane. Thus these crystals are 
oriented as precisely as are the smooth surfaces 
upon which they rest. One naturally concludes 
that each crystal of the new material is formed 
with a definite crystallographic plane precisely 
parallel to its supporting surface. Which plane 
of the new structure is chosen varies with the 
underlying oxide. 


5 This is a reprint of Fig. 3B, reference 4. 
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Interatomic Distances of the Alkali Halide Molecules by Electron Diffraction! 


L. R. MAXxweELL, S. B. HENDRICKs-AND V. M. MOosLey 
Bureau of Chemistry and Soils, U. S. Department of Agriculture, Washington, D. C. 
(Received August 30, 1937) 


A determination of the interatomic distances of the alkali halide gas molecules has been 
made by the electron diffraction method. Heating the salts to a temperature of approximately 
1200°C provided a molecular beam of sufficient density to give electron diffraction photographs. 
The nuclear distances were obtained from visual measurements of the interference maxima. 
Data from I, and Cl; provided a calibration of the visual measurements since the inter- 
nuclear distances for these molecules are well known from band spectra. The interatomic dis- 
tances for the sodium, potassium and rubidium halides were found to be about 10 percent less 
than the corresponding known distances in the crystal lattice. For the case of the caesium 
halides the distances obtained were approximately 14 percent smaller than the separations 
found in the crystals. Tables showing complete data on twelve molecules are given. 


INTRODUCTION 


ROPERTIES of the alkali halide crystals 

have been most amenable to study both 
experimentally and theoretically. However, in- 
formation concerning the alkali halide molecules 
has been quite meager. Spectroscopic studies of 
' the vapors have shown that the bands are 
diffuse and while some vibrational data can be 
obtained’ the rotational structure is unknown. 
Electron diffraction methods can be used for 
the determination of internuclear distances in 
the molecules as they exist in the vapor. In the 
following work results were obtained from the 
chlorides, bromides, and iodides of sodium, 
potassium, rubidium, and caesium. The lithium 
halides were not studied on account of the low 
probability of electron scattering by lithium. 
Since the vapor pressures of the sodium and 
potassium fluorides are comparatively low no 
attempt was made to obtain data on any of the 
alkali fluorides. 


ELECTRON DIFFRACTION METHOD 


The intensity of electron scattering J(s) from 
the diatomic alkali halide gas molecules’ can 
be expressed as follows: 


I(s) + +Tine(s)], (1) 
where ¥;= (Z;— F;)/(sin 40)?, F;=atomic scatter- 


1A paper on this work was read before the Society at 
the Washington meeting. Phys. Rev. 51, 1000 (1937). 

?See for instance, Sommermeyer. Zeits. f. Physik 56, 
548 (1929). 

*R. Wierl, Ann. d. Physik 8, 521 (1931). 


ing factor 
=4l;;(1/d) sin 30, (2) 
1;;=nuclear separation, 
k=constant. 


The term Jin-(s) represents the amount of 
incoherent scattering as computed by Morse.‘ 

I(s) shows a rapid decrease of intensity with 
angle without passing through maxima. How- 
ever, when it is recorded on a photographic 
plate the diffraction pattern shows to the eye 
apparent maxima and minima whose positions 
can be measured with considerable accuracy. 
This affords a valuable method for determining 
internuclear distances by the use of Eq. (2). 
Having measured visually the position of the 
apparent experimental maxima in terms of 
(1/AX) sin 3@ it is then necessary to use the 
correct theoretical values of x corresponding to 
these maxima in order to obtain /;;. A test of 
the proper values to use is afforded by a study 
of the electron diffraction pattern from those 
diatomic molecules whose nuclear separations 
are accurately known from band spectra. It has 
been found for Br.’ and Cl.° that the electron 
diffraction results will agree closely with band 
spectra provided that the xmax values used are 
taken to be the same as the values of *max for 
the sin x/x function which appears in Eq. (1). 
The writers® have also found good agreement for 

4P. M. Morse, Physik. Zeits. 33, 443 (1932); see also 
L. Bewilogua, Physik. Zeits. 33, 688 (1932). 

5L. Pauling and L. O. Brockway, J. Chem. Phys. 2, 
867 (1934), 


. R. Maxwell, V. M. Mosley and S. B. Hendricks, 
Phys. Rev. 50, 41 (1936). 
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the case of Cle where values of Xmax for the 
sinx,/x functions were used. For the thallium 
halides Grether’ has used approximately the 
same Xmax Values for visual measurements with 
the exception of the first and second maxima. 
A value of 13.7 was taken for the second maxi- 
mum which is about 2.5 percent less than the 
position of the second maximum of sin x/x. In 
this manner Grether has obtained practically 
constant nuclear separations as determined by 
the various interference maxima. 

The writers* have previously found the nuclear 
separation of the I, molecule to be 2.65+0.10A 
from densitometer records of electron diffraction 
photographs used in comparison with calculated 
intensity of scattering curves. Additional photo- 
graphs are now obtained for I, in order to 
further test the accuracy of the visual measure- 
ments. The average value obtained for /;; was 
2.66+0.01A as shown in Table I. Values of 
Xmax used are those considered to be most 
reliable on the basis of the previous work. It is 
noticed that each maximum gives values for 1; 


‘in good agreement with both the band spectrum 


separation of 2.660A and the previous electron 
diffraction value. Grether’ finds an internuclear 
distance of 2.70+0.03A for I, by visual measure- 
ments of electron diffraction photographs which 
is close to the present value. 

Additional confirmation of the visual measure- 
ments for diatomic molecules can be found for 
the case of So. The nuclear separation for this 
molecule was determined by obtaining experi- 


TABLE I. Summary of visual measurements obtained from 
iodine (I>). 


sin }@ | 


1 — ane 
2 13.7 0.412 (5)* 2.64 +0.02 
3 20.20 0.6023 (5) 2.669 +0.01 
4 26.50 0.7932 (8) 2.659 +0.02 
5 32.95 0.9860 (5) 2.659+-0.01 
6 39.24 1.174 (3) 2.660+0.01 
7 45.55 1.359 (1) 2.667 
Average Value 2.66 +0.01 (A) 


| Band Spectrum Value | 2.6607 (A) 


*Numbers in parentheses give number of photographs used for 
measurement. Variation given represents the average deviation 
(without regard to sign) found between separate photographs. 

Tt See, for instance, W. Jevons, Report on Band Spectra of Diatomic 
Molecules, p. 280. 


7™W. Grether, Ann. d. Physik 26, 1 (1936). 
‘S. B. Hendricks, L. R. Maxwell, V. M. Mosley and 
M. E. Jefferson, J. Chem. Phys. 1, 549 (1933). 
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Fic. 1, Diagram showing boiler and electron diaphragm 
used for the alkali halides. 


mental relative intensity curves which were then 
compared with similar calculated intensities as 
given by Eq. (1). The two methods in this case 
agreed to within the experimental error of the 
intensity measurements which was about 1 
percent. Thus the visual method for diatomic 
molecules has been justified independent of 
spectroscopic data. For the present case of the 
alkali halides the visual method will be used 
entirely. 


EXPERIMENTAL ARRANGEMENT AND PROCEDURE 


The type of electron diffraction camera used 
has been described previously.’ For the case of 
the alkali halide molecules it was necessary to 
heat the salts to 1100°-1300°Cin order to provide 
sufficient gas density for diffraction photographs. 
The type of boiler used is shown in Fig. 1. The gas 
nozzle was 4 mm long with a rectangular cross 
section 0.11.0 mm in order to give greater 
collision volume with respect tothe electron beam. 
Thedefining electron diaphragm was madean inte- 
gral part of the boiler and contained a hole 0.1 mm 
in diameter to transmit the electrons in alignment 
with the gas stream. The metals used in con- 
structing the boiler were nickel and Allegheny 
metal. Several platinum radiation shields not 
shown in Fig. 1 were used to reduce heat losses. 
Additional shields were mounted to reduce light 
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Fic. 2. Reproduction of an electron diffraction photograph 
obtained from RbBr. 


fogging of the photographic plates. Plate dis- 
tances of 10.0 and 26.0 cm were used. After 
each set of exposures the plate distance was 
measured by means of an accurately calibrated 
depth gauge. de Broglie wave-length readings 
of an electrostatic voltmeter in the region used 
(0.0620 to 0.0800A) were checked frequently by 
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electron diffraction photographs from gold and 
sodium fluoride films. 

The procedure used for taking the photographs 
consisted of first preheating the material in the 
boiler at 400°C. The salts were then raised from 
400°C to 1000°C within a period of 3 minutes at 
which time the first electron diffraction photo- 
graphs were taken. Five exposures were made 
during a single run while the temperature was 
being further increased from 1000 to 1300°C, 
Exposure times averaged about 25 seconds while 
the entire set was obtained within a period of 4 
minutes. Trial photographs with the heating 
current off showed no change in the scattering 
pattern which might have been caused by 
magnetic fields. 


PREPARATION OF COMPOUNDS 


The sodium and potassium salts and the 
rubidium chloride used were commercial samples 
of C.P. purity. Other rubidium and caesium 


TABLE II. Summary of electron diffraction results obtained from the sodium halides. 


NaCl NaBr Nal 
MAXIMUM x sin l sin | l sin l 
2 13.70 0.4325 (6) 2.520 -- — 0.3759 (3) 2.900 
+.0052 +.030 +.0023 +.018 
3 20.20 0.6409 (4) 2.507 0.6084 (4) 2.642 0.5553 (2) 2.895 
+.0023 | 2.009 +.0031 +.013 +.0032 +.017 
Average Values 2.51+0.03 (A) 2.64+0.01 (A) 2.90+0.02 (A) 
TABLE III. Summary of electron diffraction results obtained from the potassium halides. 
KCI KBr KI 
MAXIMUM x sin sin l sin l 
2 13.70 0.3921 (8) 2.780 0.3685 (12) 2.958 0.335 (14) 3.254 
+.0030 +.021 +.0042 +0.34 +.004 +.038 
3 20.20 0.5756 (6) 2.793 0.5489 (8) 2.928 0.500 (12) 3.215 
+.0032 +.015 +.0059 +.031 +.004 +.026 
Average Values 2.79+0.02 (A) 2.94+0.03 (A) 3.23+0.04 (A) 


3 
| 
| | 


Id and 


graphs 
in the 
d from 
utes at 
photo- 
made 
re was 
300°C, 
; while 
of 4 
eating 
[tering 
ed by 


INTERATOMIC DISTANCES IN MOLECULES 


TABLE IV. Summary of the electron diffraction results obtained from the rubidium halides. 
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RbCl RbBr RbI 
MAXIMUM x sin l sin sin 
1 — — — — — — 
2 13.70 0.3788 (7) 2.878 0.3538 (7) 3.081 0.3315 (8) 3.288 
+.0011 +.008 +.0018 +.016 +.0018 +.018 
3 20.20 0.5536 (5) 2.904 0.5223 (6) 3.078 0.4918 (8) 3.267 
+.0019 +.010 +.0027 +.016 +.0018 +.012 
4 26.50 -- _- 0.6987 (5) 3.018 0.6517 (6) 3.236 
+.0059 +.025 +.0082 +.041 
Average Values 2.89+0.01 (A) 3.06+0.02 (A) 3.26+0.02 (A) 
TABLE V. Summary of electron diffraction results obtained from the caesium halides. 
CsCl CsBr CsI 
MAXIMUM x sin sin sin i 
1 — — — — 
2 13.70 0.3575 (16) 3.049 0.3459 (13) 3.151 0.3180 (6) 3.428 
+.0052 +.043 +.0035 +.032 +.0030 +.032 
3 20.20 0.5224 (6) 3.076 0.5087 (12) 3.160 0.4694 (5) 3.424 
+.0054 +.031 +.0042 +.026 +.0038 +.027 
4 26.50 -- ~- 0.6806 (7) 3.098 0.621 (2) 3.39 
+.0078 +.035 +.010 +.05 
Average Values 3.06+0.03 (A) 3.14+0.03 (A) 3.41+0.03 (A) 


salts were made by decomposition either of the 
carbonate or of the nitrate with an excess of the 
appropriate halogen acid. Purity of the various 
compounds was checked by a determination of 
the refractive indices. In all cases agreement 
existed to within 0.005 of the values reported in 
the literature. Other phases in each case were 
absent. It is estimated that the amount of 
impurity did not exceed 2 percent in any case. 


EXPERIMENTAL RESULTS AND DISCUSSION 


Figure 2 shows a reproduction of a typical 
electron diffraction photograph of the alkali 
halides which was obtained from rubidium 
bromide. Tables II, III, IV and V give the 
results obtained for the sodium, potassium, 
rubidiuin, and caesium halides. The numbers in 
parentheses give the number of photographs 
used for measurement while the variation shown 


represents the average deviation (without regard 
to sign) found between different photographs. 

The positions of the apparent diffraction 
maxima were located by the use of ink dots 0.1 
to 0.2 mm diameter placed on the glass side of 
the plates in alignment with the centers of the 
maxima. In this manner the eye can see the 
entire electron diffraction pattern without any 
obstruction while making a setting. Very repro- 
ducible ring diameter measurements were then 
obtained with the aid of an accurate scale and 
reading glass. 

Each interference maximum for a diatomic 
molecule gives an independent measurement of 
the internuclear separation so that the values 
obtained from different maxima should all be 
the same. This feature is well maintained for 
the alkali halides as seen in the above tables. 
This serves to verify the initial assuinption that 
the alkali halide molecules are diatomic. ‘The 
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question of association of the alkali halide 
molecules into double molecules has been studied 
by Deitz® from vapor pressure data. He was 
able to show that association does not occur 
which is in complete agreement with the present 
electron diffraction data. 

Rodebush, Murray and Bixler'® have found 
from measurements of dipole moments that the 
alkali halide molecules have large values for 
their electric moments. From a consideration of 
the nuclear separations obtained by electron 
diffraction it is found that the alkali halide 
molecules lack complete separation of charge by 
approximately 25 percent. 

Table VI contains a comparison of interatomic 
distances between the crystal and the gas. It is 
noticed that for the sodium chloride type lattice 
the distances in the gas are about 10 percent less 
than the equivalent lattice separation. All the 
cases considered behave similarly with the 
exception of KI where the difference between 
the gas and crystal is less than for the other 
molecules. Additional data were obtained for 
this molecule in order to insure the correctness 
of the separation given. For the caesium chloride 
type lattice the distances within the crystal are 
about 14 percent greater than the corresponding 
distances in the gas. Deviations of this nature 
are expected because there is a change in 


TABLE VI. Comparison of interatomic distances between the 
and the on. 


PERCENTAGE 

REDUCTION IN 

GOING FROM 

| THE CRYSTAL 

Gas | Latrice*} Larrick stTRUCTURE TO THE GAS 
NaCl |2.51(A) 2.814(A) “Sodium “chloride type, 10.8 
Br | 2.64 | 2.981 11.4 
1 2.90 3.231 10.2 
KCI | 2.79 3.139 11.1 
Br | 2.94 3.293 . 10.7 
I 3.23 3.526 8.4 
RbCI | 2.89 3.27 11.6 
Br | 3.06 3.427 | 10.7 
I | 3.26 3.663 | 11.0 

| 

CsCl | 3.06 3.560 Caesium chloride type | 14.0 
Br | 3.14 3.713 15.4 
I 3.41 3.950 ” | 13.6 


*P. P. Ewald a C. Hermann, Strukturbericht (1913-1928), p. 73 
and p. 75. 


®V. Deitz, J. Chem. Phys. 4. 575 (1936). 
WH. Rodebush, L. A. Murray, Jr. and M. E. Bixler, 
J. Chem. Phys. 4, 372 (1936). 


coordination caused by the arrangement of 8 
nearest neighbors around each ion as compared 
to 6 for the sodium chloride type lattice. 

The data on the nuclear separations given 
above for the gas molecules should prove useful 
in testing theories of ionic lattices since any 
successful theory should provide also a satis- 
factory explanation of the nuclear distance jn 
the gas. 


ERRORS 


(1) de Broglie wave-lengths were determined 
with an error of less than one percent. 

(2) Positions of each apparent maximum were 
measured to within about one percent for the 
second maximum, with decreasing error down 
to } of one percent for the outermost maxima. 
The center of the scattering volume was deter- 
mined to about 0.1 of one percent. The greatest 
error in sin 36 for any individual maximum was 
not more than about one percent. 

(3) Errors resulting in the choice of the x,,.x 
values used, as discussed above, are considered 
to be not greater than approximately one 
percent. Possible errors resulting from the 
different existing y; values are not greater than 
about one percent since agreement with band 
spectra to within this amount has been found 
for Cle, Iz and ICl.*° These three molecules 
represent extreme cases namely, two light atoms, 
two heavy atoms and one heavy and one light 
atom, respectively. We thus conclude that one 
set of Xyax Values can be used for all of the 
alkali halide molecules. 

(4) The effect of temperature on the electron 
diffraction measurements is usually unimpor- 
tant. For the case of the alkali halides no 
apparent diffuseness of the diffraction rings was 
observed which might arise from the effect of 
thermal vibrations of large amplitude. It is 
expected that the /;; values should agree closely 
with the nuclear separations in the normal state 
of the molecule. 

After considering all of the possible sources 
of error we conclude that the nuclear separations 
given above for the alkali halide molecules 
should probably be accurate to within one 
percent. 
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Ultrasonic Interferometry for Liquid Media* 


Francis E, Fox 
Catholic University of America, Washington, D. C. 


(Received August 5, 1937) 


A resumé of the theory of the ultrasonic interferometer is given and adapted for use with liquid 
media where the term pv is very large (approximately 10°) in comparison with that occurring in 
gases (approximately 40). The differences of the observed phenomena due to this factor are dis- 
cussed together with a method of obtaining the coefficient of absorption of ultrasonic waves in 
liquids, and the “effective” coefficient of reflection of the waves at a liquid-metal boundary. 
Measurements at 2.79 and 8.37 megacycles yield for the “frequency-free” coefficient of absorp- 
tion in water approximately 19 10-1” while the coefficient of reflection varies from 0.7 to 0.9 


at boundary surfaces of monel metal and brass. 


INTRODUCTION 


ARLY investigators using the acoustic inter- 
ferometer developed by Pierce! assumed 
that the observations used in computing the 
absorption coefficients could be interpreted as 
though produced by a single reflection. Although 
multiple reflections take place before the energy 
is entirely dissipated, few such reflections occur ; 
and in gases, where the absorption is large, the 
effect of successive reflections is small even when 
the path length is short, and becomes negligible 
as the path length is increased. This assumption 
was confirmed by comparing the results obtained 
by interferometry with those secured by measure- 
ments with a torsion vane.” 

Hubbard? developed the theory of the acoustic 
interferometer to include measurements over the 
entire range of path length, emphasizing es- 
pecially the importance of the variations occur- 
ring when the path length is short (several 
half wave-lengths of the sound in a gaseous 
medium) and the part played by the coefficient 
of reflection between the reflector and the gas. 
His measurements of the absorption of ultrasonic 
waves of frequencies in the neighborhood of 500 
kilocycles brought out the interesting fact that 
the coefficients of reflection were much further 
removed from unity than would be expected. 

The investigations of Quirk‘ indicated that the 
absorption of ultrasonic waves in liquids can be 

* Part of work done in fulfillment of the requirements 
for the Degree of Doctor of Philosophy at the Catholic 
University of America. 

1 Pierce, Proc. Am. Acad. 60, 27 (1925). 

*See Pielmeier, Phys. Rev. 34, 1184 (1929). 


* Hubbard, Phys. Rev. 38, 1011 (1931); 41, 523 (1932). 
‘Quirk, Doct. Diss., Cath. Univ. Am. (1934). 


detected by the interferometric method. In his 
analysis, however, no attempt was made to 
include the effects of the many reflections that 
must occur in most liquids over an observable 
interferometric path length, nor to discuss the 
role of the coefficient of reflection in the phe- 
nomena observed. 

Following the theoretical method of Hubbard, 
the present paper seeks to develop a method of 
determining the coefficient of absorption in 
liquids, and includes the results of measurements 
made with distilled water by means of which the 
coefficient of absorption together with the coeffi- 
cient of reflection between the water and the 
reflector were obtained at frequencies of 2.79 
and 8.37 megacycles. 


THEORY OF THE LIQUID INTERFEROMETER 


Hubbard® has extended the theory of an 
electromechanical resonator, consisting of a 
piezoelectric resonator driven by an independent 
source, to include the effect of a fluid column 
mechanically coupled to the piezoelectric plate 
in such a manner as to set up longitudinal 
vibrations in the fluid column. In his treatment 
it is shown that the coupled fluid column can be 
represented by modifying the equivalent re- 
sistance and piezoelectric capacity of the equiva- 


L KF K 
Fic. 1. The electrical and equivalent electrical network of 
the pick-up circuit and interferometer. 
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lent electrical circuit of the quartz resonator. 
He then considers such a circuit in conjunction 
with a driving electrical circuit, solving for the 
current flowing in the associated electrical 
resonant circuit as a function of the electrical 


and equivalent-electrical constants, including 
constants and variables dependent on the 
acoustical behavior of the coupled fluid column, 
For the equivalent circuit of Fig. 1 he obtains 
the expression : 


or Ki) 


where Ri, are the inductance, resistance, 
and capacity of the pick-up electrical resonant 
circuit; K,, K’, R’ and L are the corresponding 
equivalent electrical constants of the quartz 
resonator with a coupled fluid column, K, being 
the dielectric capacity of the resonator, while K’ 
is its modified piezoelectric capacity, and 


Ki) Lie’, 
¢1=Ri(Ci+ 
g2=R’K’'w, 

o=1/Io, 


4=current in the Z,R,; branch. J)>=Eo/Ri, the 
maximum current in the resonant circuit when 
the interferometer branch is disconnected, Eo 


Ki) }?+ oil gt K’/(Cit- Ky) }}? 


— cos (wx/v) —e-2@r+2)] cos [w(2r—x)/v] 


(1) 


being the maximum induced voltage in the 
inductance 

The terms R’ and K’ include the modifications 
introduced by the coupled fluid column, thus: 


R'=R+ABpoP, (2) 
1/K’=1/K+ABpvaQ, (3) 


where R is the equivalent resistance of the 
quartz resonator near its response frequency; 
K is its equivalent piezoelectric capacity; A the 
effective area of the resonator face exposed to 
the fluid column; B a piezoelectric constant of 
quartz; p the density of the fluid; v the velocity 
of sound in the fluid; and w is 27 times the fre- 
quency of the voltage induced in Z). 
P and Q are further defined : 


’ (4) 


P,= 


1 cos [27rw/v) 


sin (wx /v) + 4 sin [w(2r—x)/v] 


Q.= 


‘ (5) 


1 —2ye-?"* cos (27w/v) 


In these expressions a is the attenuation factor 
of particle velocity in the fluid (one-half the 
intensity coefficient of absorption); y is the 
coefficient of reflection at the distant boundary 
of the fluid column, and r is the length of the 
fluid column. The P and Q terms are in general 
valid for any position x in the fluid column, but 
interest us only at the position x=0, i.e., at 
the quartz face exposed to the fluid. Here they 
take the form: 
2e—4ra 
= ’ (6) 
1 —2ye-?"* cos (2rw/v) 


2ye~*" sin (27w/v) 


cos (27w/v) 


Since Eq. (1) has been discussed by Hubbard 
(and a somewhat similar equation by Dye’) 
this need not be repeated here, but by imposing 
certain experimental conditions a much simplified 
expression is obtained which is used by Hubbard 
for the case where the fluid is a gas, and by 
means of which his determination of the coeffi- 
cients of absorption and reflection in gases was 
carried out. We repeat in substance the dis- 
cussion of the expression for the case where the 
fluid is a gas in order to contrast the behavior in 
liquids with that in gases. 

As the frequency is varied o? rises to the 
familiar resonance maximum where ? is zero at 


5 Dye, Proc. Lond. Phys. Soc. 38, 399 (1935). 
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the resonance electrical frequency of the L,C; 
circuit. If the constants of the electrical resonance 
circuit are adjusted so that 9 is zero in the region 
where [¢+K’/(Ci+K;,)] is zero, which occurs 
at the response frequency of the quartz resonator, 
there is a very sharp dip or “‘crevasse”’ in the 
resonance curve. By adjusting C; and w it is 
possible to find the value of the frequency for 
which p and [q¢+K’/(Ci+K;,)] are zero at the 
same time, that is, the crevasse divides the peak 
of the electrical resonance curve; since the re- 
sponse frequency is the same as the resonant 
frequency of the L,C; circuit. These adjustments 
are ideally made with the quartz vibrating in 
vacuum where there would be no modification 
because of the fluid column. Practically they can 
readily be made in air in the manner described 
by Hubbard. A crevasse is obtained while the 
reflector has any random setting, and the \/2 
spacing is determined by observing the change 
of the crevasse minimum as a function of the 
reflector displacement, a sharp rise occurring 
where the reflector is set at md/2 positions. The 
reflector is then set midway between two such 
positions, and under these conditions C, and the 
frequency may be adjusted as outlined above 
since Q is zero and P is zero to a very close 
approximation. Under these restrictions the 
simplified form of o? is obtained as a function of 
the reflector displacement. 


@=[(1+SP)?+ (SQ)? ]/ 
(8) 


where the current ratio o is given in terms of 
electrical and equivalent electrical constants, and 
constants depending on the fluid and the re- 
flector displacement, since in Eq. (8) 


C=1/Rw¢i(Ci+ Ki) and S=ABpv/R, (9) 


while P and Q vary periodically with r. 

The adjustments outlined above, in which 
p=q=Q=0 and P is approximately zero, de- 
termine the constant C. Calling the value of ¢ 
under these conditions oo, 


C= (1 


We now discuss Eq. (8) as a function of the 
reflector setting in order to show the striking 
differences that occur when a liquid medium is 
used instead of a gas. With a gas the P and Q 


terms are small for the greater portion of the . 


/2 spacing of the reflector, becoming large 
only near the \/2 setting of the reflector. The 
value of pv that characterizes gaseous media is 
of the order of 40, R is of the order of a thousand 
ohms, while C may have values from 1 to 10 
depending upon the electrical circuit and the 
quartz resonator. The terms SP and SQ are thus 
very small compared to C for all reflector 
settings except in the immediate neighborhood of 
an m\/2 position, so that the value oo is nearly 
constant as the reflector is moved away from 
the resonator, but rises sharply to peak values 
at the md/2 positions. 

When a liquid such as water is used the term 
pv is 1.48X10°, so that it is evident that for 
reflector positions where neither P nor Q is 
zero, although small, SP and SQ will have large 
values that keep o very close to unity, and only 
in the immediate neighborhood where Q=0 and 
P isa minimum will there be any large departure 
of o from unity. This is made evident from the 
P and Q curves for liquid media. This dip occurs 
at the (2m+1)d/4 setting of the reflector where 
both C and SP determine the minimum value of 
o, and as the reflector is moved from such a 
setting the growth of the Q term quickly causes ¢ 
to rise. Thus in gases we find sharp peaks in the 
o curve at \/2 reflector setting, while in liquids 
the characteristic phenomenon is a_ rather 
narrow dip at (2m+1)d/4 positions, the depth 
and width of the dip depending upon the 
experimental constants used.°® 


6 The effect of liquid loading on the ‘“‘crevasse” curves of 
a quartz resonator may also be seen from a consideration 
of the o? curve as a function of frequency. We may write 
Eq. (8) in the form: 


= 
ft 


/RKo; 
ABpv/R: 


by assuming that the frequency variation is not far from 
the response frequency of the resonator in a vacuum, and 
that during such variation p does not change greatly from 
zero. For an unmounted resonator in a vacuum, C may be 
of the order of 10, while for one mounted for use in liquid 
interferometry C may be 2. 

In gases for any reflector setting (e’+SQ) may be made 
zero, but if Q is not zero the 1 in the denominator is 
increased by the fraction C/(1+SP), say 10/(1+16) 
or 0.6 in a typical case, and for the frequency where 
(e’+.SQ) =0 there is still a decided departure of o*? from 
unity to form the ‘‘crevasse” at the response frequency 
of the combination of resonator and column, regardless of 


where 


| 
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There is another factor that contributes to 
this behavior in the values of P and Q that 
occur when the reflecting boundary is water- 
metal, or water-glass instead of air-metal. With 
the liquid case the values of the coefficients of 
reflection are correspondingly smaller than those 
occurring in the gas case, and this prevents the 
minimum values of P from ever becoming 
negligibly small. Under certain conditions when 
C is small, as often happens in liquid inter- 
ferometry, the minimum value of P may still 
be so large that only a slight dip is obtained in 
the measured current as the reflector is moved 
through a critical setting, while under the 
optimum conditions the dip will hardly take o 
under 0.5. The behavior of the curves is shown 
in Fig. 2 for typical cases over a wave-length 
variation of r, together with the corresponding 
P and Q curves. The values of the constants, etc., 
for gases are taken from Hubbard's papers, 
while those for liquids are computed from values 
measured during this investigation. 


DETERMINATION OF y AND @ FOR LIQUIDS 


To deduce the values of y and a from a series 
of current readings 7? as a function of the path 
length r, Eq. (8) is used. Knowing the resonant 
frequency of the quartz plate, values of ZL; and C; 
are used that will give a resonance peak in the 
pick-up circuit at about the same frequency. 
The driving oscillator is then coupled loosely to 
the system and its frequency adjusted till a 
crevasse is observed. The reflector is then set at 


the reflector setting. Of course the deepest crevasse is 


obtained when Q and é’ are zero simultaneously. Since 
the frequency making ¢’ zero is the response frequency of 
the resonator and its electrodes, and the response fre- 
quew of the combination including the fluid column is 
that making (e’-+.5SQ) go to zero, the well-known fact that 
a vibrating quartz crystal may have its response frequency 
changed by the presence of a coupled gas column is here 
brought out. At the same time it is seen that each such 
shift of the response frequency (from that at which ¢’ =0) 
; tuning the vibrating column results in increased 
ampin 
— liquid columns are used S is much larger and C 
is usually smaller so that when the reflector is set at 
random, (e’+SQ) may still be brought to zero by changing 
the frequency but SP may be so large (and except for 


reflector setting where P and Q are very small, this is 
always so) that the denominator term 2/(1+ SP) is 
roughly 2/(300+1) and go? does not depart appreciably 
from unity. Thus a ‘‘crevasse”’ in the o? curve as a function 
of frequency variation can only occur for a limited range 
of reflector settings near a (2n+1)A/4 setting of the 
reflector. 


p 


~ 


l 
(a) 
Q 
(b) 
0 
Q 
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Fic. 2. (a), (b), (c). Typical P, Q and o curves for gases 
(full line) and liquids (broken line). Constants for the curves 
for air: \=0.05858 cm, y =0.96, y =0.11, C=9.2, S=0.33. 
Constants for water: \=0.0525 cm, y=0.862, a=0.0015, 
C=1.89, S=19.0. 


a (2n+1)d/4 position, determined as outlined 
above, the fluid column being air. The value of 
C, is then adjusted till the crevasse as a function 
of frequency appears at the center of the 
resonance peak of the pick-up circuit, and is 
symmetrical about the minimum i,. This fre- 
quency which causes 7? to fall to the bottom of 
the crevasse is also the response frequency where 
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(g+K’/(Ci:+K,)] is zero, and is then held con- 
stant throughout the rest of the readings. The 
interferometer is disconnected and C, adjusted 
to determine the resonance maximum /,?, after 
which the interferometer is reconnected and C; 
restored to the original value for the symmetrical 
crevasse. From the reading of i9? at the bottom 
of the crevasse in air with the reflector at a 
(2n+1)d/4 position oo, and therefore C, is 
obtained. The liquid is placed in the inter- 
ferometer, the reflector adjusted parallel to the 
resonating surface, and a series of readings of 7? 
as a function of reflector settings is taken. 
Enough points are recorded in the neighborhood 
of the first dip to graph it accurately and then 
the reflector is moved from the face of the 
resonator until a change is noticeable in the read- 
ing of 7,,2 at the bottom of the dip (7,4). From 
the width of the first dip the coefficient of 
reflection is determined and this together with 
the observed o,,; enable one to compute the 
coefficient of absorption. 


y—THE COEFFICIENT OF REFLECTION 


In order to determine y, we confine our 
attention to a dip occurring when the reflector 
displacement 7 is very small, for example, at the 
first dip. At the minimum sin (27rw/v)=0, 
cos (2rw/v) = —1, giving Q=0, and 


(10) 
om=(1+SPn)/(1+SPm+C), (11) 
SP —(1—om) ]/(1—aom) ; (12) 


if now 7 is small any term ye~’* departs from 
unity almost entirely by the factor y, since a is 
very small in liquids. Writing e~***=1 we obtain 


P=(1—7)/[1—2y cos (2rw/v) +77], (13a) 
Pn=(1—y)/(1+7), (13b) 


Q=[2y sin (27w/v) ]/ 
[1—2y cos (2rw/v) +77]. (14) 


From the # readings the values of o are ob- 
tained, and plotted for the dip against the 
reflector displacement, and the width of the dip 
is thus measured for a value of ¢; about halfway 
between o,, and 1. Calling this width 2Ar, the 
argument of the circular functions occurring in 


P and Q are computed from 2rw/v=4mrAr/Xd 
where r is the displacement of the reflector at o; 
from the setting at om. A value of y is chosen 
arbitrarily and P, computed which in turn 
determines a value of S from the knowledge of 
Cand o». This value of y is then used to compute 
P; and Q; for the displacement Ar, which to- 
gether with S yield a computed ¢o;. Of course 
this is in general different from the observed o;. 
If the computed value of o; is greater than that 
observed a smaller value of y is chosen to yield 
a lower value of the computed ¢; until one of 
the computed values falls below that observed. 
The computed ¢o; are then plotted as ordinates 
against assumed vy as abscissa and where the 
curve intersects the value of ‘‘c; observed’’ the 
corresponding vy is taken as an approximation. 
By this method the value of y may be obtained 
by successive approximations to any degree of 
accuracy justified by the accuracy of the experi- 
mental data. 


a—THE COEFFICIENT OF ABSORPTION 


Knowing S we can obtain @ from a series of 
Om* readings at various reflector displacements. 
The reflector is moved from the resonator till a 
measurable difference is observed in the i,” 
values, readings being made over as long a 
path length as is compatible with the assumption 
of a plane wave front. For all such values of co», 
we have Q=0, and placing y=e~* 


Pm,=[1 8) + e-@riatd) 
=tanh [(2r;a+8)/2]. (15) 


As (2r;a+)/2 is small compared with unity 
we expand tanh [(2r;a+8)/2] and obtain 


(16) 


of which we need only take the first term. 
From Eq. (12) 


riat+p/2= Comi/S(1 — Omi) 1/S 
or Com:i/S(1—omi) —(2+8S)/25S. (17) 


From this we can most conveniently determine 
a by setting (¢ni)/(1—omi) and plotting y; 
as a function of 7, which should be a straight 
line of slope M such that a=CM/S. 
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Fic. 3. Interferometer with quartz resonator exposed 
directly to the liquid column. 


EXPERIMENTAL PROCEDURE 


During the early part of these investigations 
the interferometer was used as described by 
Quirk and Rock,’ the ultrasonic wave being 
transmitted into the liquid by means of a drop 
of oil placed on the vibrating quartz plate, the 
oil being in contact with a thin diaphragm, and 
the liquid resting on the diaphragm. Although 
it was possible to measure changes in o»;* under 
these conditions, the dips themselves were very 
small as indicated by the thermogalvanometer 
and the term o,/(1—om) is therefore ill-condi- 
tioned for the determination of a. But a greater 
difficulty lies in the failure of such an arrange- 
ment to approximate the assumption made in 
the analysis that the quartz plate gives to the 
first liquid layer its own periodic motion by 
direct coupling, since there are in reality two 
intervening media each having boundary con- 
ditions which were not considered. The inter- 
ferometer was accordingly modified as shown in 
Fig. 3 to approximate the assumptions made in 
the analysis. The quartz plate was sputtered 
with platinum, the lower face before cementing 
to the metal diaphragm, and the upper face 
after the quartz was fixed in position, this face 
being maintained at ground potential, together 
with the rest of the interferometer. This method 
of mounting the resonator changes of course its 
equivalent electrical constants from the values 
obtaining when the resonator is vibrating freely 
in air or vacuum, but these are redetermined 
experimentally before each run as _ indicated 
above in the measurement of the constant C. 
With this method very efficient transmission into 
the liquid is obtained, and not only is the assump- 
tion embodied in the analysis fulfilled, but the 
current dips are increased to such an extent that 


7 Quirk and Rock, Rev. Sci. Inst. 6, 6 (1935). 
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variations in o,,2 are measurable by the thermo. 
galvanometer (a General Radio vacuum thermo. 
couple and a critically damped GM 25514 
galvanometer provided with a number of shunts 
to change the sensitivity). In order to make this 
more direct procedure practicable it was de- 
sirable to work at high frequencies, since the 
absorption will be expected to increase with the 
square of the frequency. A resonator with a 
fundamental frequency of 2.79 megacycles was 
finally chosen from among the plates available 
in this frequency range, it being the only one 
having an isolated response frequency far enough 
removed from any small neighboring response 
frequency to be used confidently in this investi- 
gation. The importance of using a crystal having 
but a single response frequency over a fairly 
large range of frequency excitation is obvious 
from a consideration of the fact that the presence 
of the liquid greatly widens the crevasse curve 
of the crystal, so that neighboring crevasses that 
would normally be completely separated if the 
crystal were vibrating in air, merge into a single 
widened crevasse when the crystal has a face 
exposed to a liquid column. This is strikingly 
illustrated in the dips of the o? curve as a function 
of the reflector setting, the maximum dip 
occurring for the main response frequency when 
the reflector is set at a (2m+1)A/4 position 
corresponding to the of this frequency, but as 
the reflector is displaced the o curve rises, until 
the setting of the reflector corresponds to a 
(2n+1)d/4 setting for the neighboring response 
frequency, where a small dip occurs on the side 
of the main dip. If the frequencies are sufficiently 
close, as often happens, the result is a single dip, 
but wider than would be the case if a single 
frequency response were contributing to its 
formation. The values of y and a are accordingly 
modified, such unsuitable resonators exhibiting a 
periodic variation in o,»;? values depending upon 


TABLE I. Observed values of the current (i?) in the pick-up 
circuit, expressed in arbitrary units with the reflector set for 
minimum of the first dip, as a function of ‘‘added R” in the 
pick-up circuit. 


R (ohms) | Io? | im? | om | y 


0 44.70 25.50 0.756 3.105 
10 24.75 15.70 0.808 4.219 
20 16.05 11.40 0.843 5.376 
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the (2n+1)d/4 spacings for the response fre- 
quencies involved. The need of a careful investi- 
gation of the resonator’s response spectrum is 
obvious and it was the result of such investiga- 
tions that governed the choice of the crystal 
used. The same crystal was found to vibrate 
vigorously when excited by the third harmonic of 
its fundamental response frequency, giving a 
20 percent dip in the o curve when in the liquid, 
while the variation in o,; with increasing path 
length is easily measured on the galvanometer, 
so that measurements of the absorption made 
at this frequency are considered to be the 
most satisfactory obtained thus far in the 
investigation. 


EXPERIMENTAL RESULTS 


The first experimental objective was to check 
the constancy of the term S which depends upon 
the characteristics of the coupled liquid column. 
At the minimum of a dip, P= P,, and Q=0, and 


Ki) }} (18) 
or om/(1—om) (19) 
where R;, is the total effective resistance of the 


zero) in the neighborhood of the first dip, and at the minima 
of the dips denoted under ‘‘d.” 


Reflector Monel Brass Monel 
Frequency 10-6 2.79 2.79 8.37 
Wave-length (divs) 104.8 105.0 34.92 
Io? 50.00 50.00 50.00 
fo? 15.4 6.00 15.30 


1 | 25.40 1 | 15.65 1 35.00 
51 | 25.60 | 101 | 16.10 | 101 | 35.60 
101 | 26.00 | 201 | 16.60 | 201 | 36.05 
151 | 26.10 | 301 | 16.95 | 301 | 36.60 
201 | 26.35 | 401 | 17.30 | 401 | 37.05 


251 | 26.65 501 | 37.50 
301 | 26.90 601 | 38.00 


Note.—1 division reflector setting = 0.0005 cm. All current values 
are expressed in arbitrary units (gal. def. in cm). 


Fic. 4. Variation of y for the same dip as a function of 
resistance added to the pick-up circuit. 


| 
0 $. 10 IS 20 
Added ohms 


pick-up circuit. As R; is easily varied by adding 
resistance to this circuit, values of o,,” were 
observed for various values of ‘‘added R’’ (AR). 
If we now place o,,/(1—¢,) =y and plot y against 
AR we should obtain a straight line provided S 
remains constant during the measurements. 
Table I gives the results of a series of such 
observations, and Fig. 4 shows the straight line 
obtained, the intercept on the AR; axis giving 
the initial resistance of the pick-up circuit, and 
indicating that the factors in the expression 
(1+.SP)Rw*(C,;+K;)’ are essentially constant at 
reflector settings giving the minimum of the dip. 

In order to test the theory as the reflector 
setting varies, many curves of o plotted against 


TABLE III. Results: computed from data of Table II, 
giving the values of the constants C and S, the computed 
and theoretical values of the coefficient of reflection, the slope 
of the line determined by the change in o,, with increasing path 
length, the coefficient of absorption for the frequency used and 
the frequency-free (a/v*) coefficient of absorption. 


I II Ill 

4 0.800 1.890 0.805 

19.80 19.0 18.50 
y (computed) 0.906 0.862 0.710 
y (theoretical) 0.928 0.910 0.928 
M 0.0344 0.0154 0.309 
a@ 0.00139} 0.001534) 0.0134 
a/v? X 1017 17.9 19.7 19.2 


Note.—Case I fitted for y at 2Ar/A =0.04 where a; =0.857. Case II 
fitted for y at 2Ar/A =0.06 where o; =0.774. Case III fitted for y at 
2Ar/d =0.07 where =0.906. 


1 7 
A 
{ 
a 
| I II | Ill 
85.0 | 39.45 | 42.0 | 40.50 | 36.0} 43.90 
86.0 | 35.05 | 43.0 | 38.70 | 36.5 | 41.60 
87.0 | 29.40 | 44.0} 35.20 | 37.0 | 38.30 
88.0 | 25.50 | 45.0 | 30.40 | 37.5 | 35.60 
ingly 88.1 | 25.40 | 46.0} 23.70 | 37.8 | 35.05 
3 89.0 | 28.75 | 47.0} 18.00 | 38.0 | 35.30 
‘ing a 90.0 | 37.40 | 48.0 | 15.65 | 38.5 | 37.65 
es 39.0 | 40.95 
50, 20.5 39.5 | 43.25 — 
52.0 | 33.50 
53.0 | 37.00 
54.0 | 40.50 | 
y 
19 
219 
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i 
42 44 46 48 50 52 


54 (divs) 


Fic. 5 (a). Case II. Change in o@ as a function of the 
reflector setting in the neighborhood of the first dip. 


reflector setting were made in the neighborhood 
of a dip. The constants S and y were then 
determined by fitting these constants to a point 
corresponding to about (1+¢,,)/2, or a o; value 
about half way down the side of a dip as de- 
scribed before, and then computing the rest of 
the dip from Eq. (8), this curve being compared 
with the one experimentally obtained. Fig. 5 (a) 
gives an example taken from the data for case II 
where the curve is fitted for the o; value indi- 
cated by the horizontal line, the curve being 
theoretical, the points experimental. Again the 
close agreement shows the essential constancy 
of S. 

Figure 5 (b) shows ym; plotted against r;a, i.e., 
omi/(1—omi) as a function of reflector displace- 
ment, the 7; value of the first point being some- 
what in doubt due to the fact that the reflector 
cannot be brought into direct contact with the 
resonator itself, but is of no importance since 
only the slope of the line need to be known to 
obtain a. The experimental points lie, as well as 
could be expected from the accuracy of the 
measurements, on a straight line. 

Measurements made using different resistances 
in the Z;C; circuit, different types of crystal 
mounting and different reflectors indicate the 


1 101 201 301 40] 501 601 
Dip Number 


Fic. 5 (b). Variation of y at the dip minima as a function 
of the path length. The abscissa is given as the dip number, 
the distance between dips being the half wave-length 
spacing for the frequency and liquid used. 


essential validity of the assumptions made in 
the analysis. A table of the measurements made 
for two different reflectors (the liquid being 
distilled water in all cases) at 2.79X10° cycles 
and one at 8.37 X10° cycles. 


DISCUSSION OF RESULTS 


These values of a and a/v* must be doubled to 
give the intensity attenuation factor. Although 
they are several times the value to be theo- 
retically expected from a consideration of vis- 
cosity (8.010-!") as ordinarily measured, they 
are smaller than those observed by other 
investigators. Quirk’s® value of 8.510 for 
intensity absorption factor at 1459.5 kil« cycles 
gives a/v?=200X10-'’. Biquard’s® observations 
give 26.8 X10-"’ for a/v? at 7.96 kilocycles and at 
20°C as obtained by an optical method, and from 
31.5X10-"” to 27.2X10-"? in the same region 
using a torsion pendulum to measure the change 
in pressure exerted by the ultrasonic radiation. 
Sérenson’ at 950 kilocycles and at 18.5°C gives 
0.011 as intensity absorption coefficient or 
a/v?=610X10-!". It is to be noted that in the 
last mentioned case the driving voltage was of 


8 Quirk, Doct. Diss., Cath. Univ. Am. (1934). 


® Biquard, Theses Univ. de Paris (1935). 
10 Sérenson, Ann. d. Physik 26, 120 (1936). 
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the order of several thousand volts, and both 
Sérenson and Biquard mention an increase of 
measured absorption with the amplitude of the 
ultrasonic waves used. In the present investiga- 
tion the power used was very low, the voltage 
applied to the crystal being of the order of one 
volt as measured by a vacuum tube voltmeter 
across the crystal faces. It is possible that some 
factor such as this may be responsible for the 
wide range of values obtained by different 
observers. 

It is difficult to arrive at an estimate of the 
accuracy of the measurements obtained. From a 
consideration of the measuring devices used one 
would expect the variation to be within 10 
percent and a consideration of the agreement of 
a/v? as determined using different frequencies 
seems to justify this. It is to be noted that the 
measurements at the higher frequency are by far 
the most accurate set obtained in the investiga- 
tion. No effort was made to measure the fre- 
quency with accuracy greater than 1.0 percent, 
the only precaution being that during an experi- 
mental determination the frequency did not 
change. This was insured by heterodyning some 
harmonic of a Standard Signal Generator with 
the driving oscillator so that a 1000 cycle beat 
note was produced and compared with a 1000 
cycle electrically driven tuning fork. Any change 
in the beat note is detected immediately as the 
frequency of either oscillator varies. J,;? was 
measured before and after each set of readings 
and if either this or the frequency changed 
during the run, the readings were discarded. 

With the coefficient of reflection it is even more 
dificult to account for the variation of the 
observed values from those to be theoretically 


expected (at a brass-water boundary about 
0.910, and for monel-water about 0.928). There 
is some indication that the mounting of a crystal 
may change the “effective coefficient of re- 
flection’”’ measured. It might be more correct to 
say that the measured coefficients are due to 
energy losses not only at the reflector boundary 
but also to surface losses at the resonator itself, 
e.g., where it is attached to the support. Then, 
too, the fact that the reflector itself is not 
infinitely thick probably cannot be neglected, 
and there is a possible explanation of the de- 
parture from expected values, suggested by such 
an assumption, because of the chance of the 
reflector thickness being near to some integral 
number of quarter wave-lengths of the sound in 
the reflector itself. This departure from expected 
values was also noticed by Hubbard in gaseous 
media, where the departure from expected values 
was relatively much larger. A further analysis of 
the reflector system might help to clear up the 
difficulty, but for the present one simply classifies 
the results as “effective coefficients” of reflection. 

No attempt was made to maintain the tem- 
perature of the water constant since the effect 
to be expected from small temperature changes is 
certainly masked by the experimental errors. 
In all the determinations ordinary distilled water 
was used, the only additional precaution being 
that of heating to drive out absorbed air. 

In conclusion the author wishes to acknowl- 
edge his indebtedness to Dr. G. D. Rock of the 
Catholic University for assistance at all stages 
of the problem, and to Dr. K. F. Herzfeld of the 
Catholic University, and Dr. J. C. Hubbard of 
Johns Hopkins for many theoretical suggestions, 
to Drs. Talbott and Ward of the Catholic 
University for counsel and encouragement. 
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Thermionic Emission of Positive Ions from Molybdenum 
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The assumption that ionization of an atomic system leaving a metal surface is due to electron 
exchange with the surface leads to an equation for the temperature variation of the current 
density of the thermionic positive ions. For certain cases, this equation reduces to that developed 
by thermodynamical considerations. Mass-spectrograph studies of Mo and of W show that 
ions of alkali impurities may persist after aging the specimens as long as 1100 hrs. Ion currents 
due to such impurities cause an apparent lowering of the measured work function of character- 
istic ions. An experimental method for eliminating the effect of these impurities is described. 
The ion work function thus obtained for Mo is 8.9 ev. This value closes the familiar energy cycle. 


INTRODUCTION 


OSITIVE ions thermionically emitted from a 

metal surface into a vacuum include both 
ionized atoms of alkali metals present in small 
amounts as impurities and ionized atoms of the 
base metal itself. This report is mainly con- 
cerned with the latter so-called characteristic 
positive ions. 

L. P. Smith! has developed the most complete 
theory of thermionic emission of characteristic 
positive ions. He applied the thermodynamics of 
surface evaporation and, making certain assump- 
tions concerning a possible heat of surface 
charging, found, for the ion current per unit 
surface area, 


I=2rk*eM(1—r)T? 


x "Cond T (1) 
exp|--{ — | 
kT 


where k is Boltzmann’s constant, ¢ is the charge 
on each ion, 7 is a surface reflection coefficient 
for ions, M is the mass of one ion, / is Planck’s 
constant, 7 is the absolute temperature of the 
surface, Cym is the specific heat per ion at 
constant pressure, and $49 is the ion work func- 
tion. Smith also discussed an energy cycle 
according to which 


o-0=Lot+ V, (2) 


where ¢_» is the electron work function, Lo the 
latent heat of condensation per atom of neutral 
atoms of the metal, and J’ is the ionization 
potential of the atom. 


* Now at Rensselaer Polytechnic Institute. 
1L. P. Smith, Phys. Rev. 35, 381 (1930). 


Moon? has applied the theory of Langmuir 
and Kingdon* to the emission of characteristic 
positive ions of W. This theory assumes thermo- 
dynamic equilibrium of the atomic and ionic 
ideal gases above the metal surface. It agrees 
with Eqs. (1) and (2) except that it does not 
introduce surface properties such as a reflection 
coefficient or a heat of surface charging. 

There are two difficulties in the application of 
thermodynamics to the problem of ion emission. 
First, thermodynamics is readily applied only to 
equilibrium situations and the conditions of 
measurement of thermionic currents are not, so 
far as evaporation and condensation are con- 
cerned, equilibrium conditions. Second, thermo- 
dynamics may conceal the mechanism of the 
process so that one is not sure he has included 
all of the energy terms which are important in 
the formation and emission of ions. 

As a fair sample of experimental work on the 
emission of characteristic positive ions, one may 
consider the measurements of Smith,'! L. L. 
Barnes, and Wahlin and Reynolds® on Mo. 
These measurements have been plotted according 
to the particular form of Eq. (1) suitable for 
Mo?! 


logio 1+0.453 logio T+2.70X 10-*T 
= (3) 


Smith noted two difficulties. First, his data 
fitted an equation with a constant term of 6.90 


2 Moon, Proc. Camb. Phil. Soc. 28, 490 (1933). 


3Langmuir and Kingdon, Proc. Roy. Soc. A107, 463 
(1925). 

4L. L. Barnes, Phys. Rev. 42, 491 (1932). 

5 Wahlin and Reynolds, Phys. Rev. 48, 751 (1935). 
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instead of 12.76. Second, the data gave ¢,»=6.09 
ev while Eq. (2) requires about 9.26 ev. The 
measurements of Barnes agree better with 
theory: these give a constant term of 11.5 and 
give ¢,0=8.2 ev. Wahlin and Reynolds aged a 
Mo filament with extreme care and found 
¢,0=8.3 ev. They further suggest that un- 
published work gives a new value for Ly for Mo 
so that Eq. (2) only requires ¢,9=8.7 ev. 
Wahlin and Reynolds do not give an actual 
value for the constant term but this value 
appears, from their graph, to be higher than 
12.76. 

These discrepancies suggested a re-examina- 
tion of the general problem of the thermionic 
emission of characteristic positive ions. In re- 
examining the theory, it seemed logical to con- 
sider whether the quantum-mechanical picture 
of ionization might throw light on the derivation 
of an emission equation such as (1). With 
respect to experiment, it has often been noted 
that the low ionization potential of the alkalis 
makes it always possible that measured ion 
currents from, say Mo, contain not only Mot 
ions but also ions of alkali impurities. It was 
therefore decided to investigate the persistence 
of such ions and their effect on measurements of 
¢40 for the characteristic ions. 


A TuHeorY or ION EMIssION 


Following Gurney,* consider an atomic system 
M that is at any instant a distance y from a 
metal surface S and that has a speed u directly 
away from S. For any y, there is a certain 
probability P(y) of electron exchange between 
M and S; one can think of P(y) as measuring 
the number of exchanges per unit time. As long 
as P(y) is large, it is meaningless to specify 
as either atom or ion. But it is to be expected 
that, as y increases, P(y) will decrease and one 
can imagine the existence of a yo such that, for 
y>yo, P(y) is very small. Call yo a critical 
distance for electron exchange. 

The concept of such a critical distance has 
two useful properties. First, one may, neglecting 
exchange for y <yo as being indeterminate of the 
final state of M, and exchange for y > yo as being 
very improbable, compute the probability that 


® Gurney, Phys. Rev. 47, 479 (1935). 


és || 


Nore: £-G* Ke 


Fic. 1. Energies concerned in exchange. 


M escapes as an ion by merely computing the 
probability that 1, at yo, has no electron near it. 
Second, the exchange probability at yo must be 
very small and this suggests that the band of 
allowed energies of M is narrow. One can approxi- 
mate conditions by saying that an electron 
near M (when M is at yo) has a discrete energy 
level. 

Massey’ has calculated the order of magnitude 
of yo for a speed u corresponding to an energy 
of 500 ev. If his calculations are modified to 
correspond to thermal energies (say 0.2 ev), 
Yo appears to be about 3A. Experiments on the 
Schottky effect imply that the potential energy 
of a charged particle near a metal surface is 
fairly well represented by the image potential 
energy so long as the particle is not nearer than 
about 0.5A to the surface. It seems reasonable to 
assume that an ion at (or just beyond) yo is 
acted upon by the metal image force. 

The energies concerned in the interchange 
when the atomic system is distant yo from the 
metal surface S are shown schematically in 
Fig. 1. Here ¢_» is essentially the electron work 
function of the metal, and Vo represents an 
effective ionization potential for M at yo. The 
probability of an electron going from M into the 
metal must be equal to the probability that a 
state of suitable energy in the metal is un- 
occupied. This is, according to the Fermi 
statistics, 


4 = (4) 


V» can be estimated as follows. Let Eo be the 
true electrostatic potential relative to infinity at 
yo (this may be due to an applied external field 
and also to a space charge density of electrons 
and positive ions) and let i) be the image 


7 Massey, Proc. Camb. Roy. Soc. 26, 386 (1930). 


— 
(3) 
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Fic. 2. Mass spectrograph. 


potential at yo. Define Voe as the energy required 
to change a neutral atom at yo to a positive ion 
at yo. Imagine this change produced as follows: 


1. Remove the neutral atom to an infinite distance from 
the metal. The work done is zero. 

2. Now ionize the atom. The work done is Ve where V 
is the ordinary ionization potential. 

3. Bring the positive ion thus formed back to yo. The 
work done is Ene—ioe. 


The total energy change is thus 


Voe= Ve+Ee— ine; (5) 
Vo= V+E—%. 


Now if N is the number of atomic systems from 
unit area of S reaching yo per second, if F is 
the fraction of ions formed at yo escaping to a 
distant collector, then the ion current from 


unit area of S is 
I=NPeF. (6) 


To put Eq. (6) into a useful form requires the 
evaluation of N and of F. This may be accom- 
plished by making assumptions which are 
reasonable for the case of the emission of 
characteristic positive ions. Assume: 


1. N is given by the expression developed by Jones, 
Langmuir and Mackay® for the evaporation of neutral 
atoms: 


where M is the mass of one atom, Cp» the specific heat at 
constant pressure per atom, and Loe the latent heat of 
condensation of a neutral atom at 0° abs. 

2. The distribution of energies of atomic systems at Yo 
is the Boltzmann distribution characteristic of the surface 


8 Jones, Langmuir and Mackay, Phys. Rev. 30, 201 
(1927). 


GROVER 


temperature 7. So 
F= kTe~W W = (8) 


3. The 1 in the denominator of (4) may be neglected, 
For Mo, if y~4A and 7~2500° abs., 


Voe— ine + Eve — 
kT 


> 14. 


For such conditions, Eq. (6) reduces to 


7 2rk?* MT 1 7? dT 


Vo—$-0, 9 
$40=Lot Vo—g-0, (9) 


which seems equivalent to Eq. (1) and the 
cycle (2). No surface reflection coefficient appears 
in (9), no assumption concerning a surface heat 
of charging has been made, and the Cym in (9) 
refers definitely to neutral atoms. Also the 
applicability of (9) is subject to the limitations 
noted in the above assumptions; of particular 
interest is assumption 3. 

It may be noted that, in practice, a metal is 
neither clean nor a single crystal plane. It seems 
reasonable to expect that, if Lo, ¢-0, and $40 are 
all measured for the same sample under the 
same conditions, the irregularities introduced by 
surface variations will, to a first approximation, 
be averaged out. 


EXPERIMENTS ON Mo 


Preliminary experiments indicated great diff- 
culty in obtaining Mo free from alkali impurities. 
The impurities were of two kinds: surface im- 
purities which evaporated rather rapidly at 
about 1200° abs., and impurities within the body 
of the metal which diffused very slowly even at 
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Fic. 3. Relation of slit current to plate current. 
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temperatures above 2000° abs. For example, Mr. 
A. Fogelsanger, of this laboratory, aged a Mo 
filament at 2000° abs. for 1100 hrs. and still 
observed K ion currents as large as the Mo ion 
currents. After duplicating such results on several 
samples (similar effects were observed for K 
in W), it was concluded that it was not feasible 
to obtain pure Mo or to purify, by an aging 
process, obtainable Mo. Accordingly a tube was 
designed to allow measurement of Mo ion 
currents alone. 

The tube was a slightly modified Dempster 
mass spectrograph, and is shown in Fig. 2. 
It had a 7 mil Mo filament surrounded by con- 
centric plate and guard rings. A slit (about 
3 mm by 1 mm) lengthwise of the plate served 
as entrance slit to the mass tube. All metal 
elements were outgassed in a hydrogen furnace 
before mounting, and the tube was sealed to a 
system designed for fast pumping. The pressure 
during all runs was of the order of 10-7 mm of Hg. 

The filament current was read to better than 
0.005 amp. by a Weston standard meter. From 
this, the filament temperature was obtained by 
the data of Worthing® and a lead loss correction 
obtained in the manner described by Smith.! 
It is estimated that the temperature values (for 
the part of the filament subtended by the plate) 
were good to 5° for all temperatures above 
1800° abs. 

The Faraday collector current followed a 
10° ohm resistor to ground. The pd across this 
resistor was measured by an FP54 Pliotron in a 
DuBridge-Braun circuit. The current sensitivity 
was about 3X10-'* amp./mm. A set of silver 
switch contacts inside the pliotron shield can 
could be so manipulated that the pliotron with a 
10’ ohm resistor measured plate current. 

The mass scale was checked by salts which 
gave large ion currents (Nas, Koo, 41, Csiss). 
The total current through the slit should have 
been proportional to the integrated area under 
a mass curve. But it was impossible to take such 
a curve for each current value on a work func- 
tion run because of the rapid evaporation of the 
filament. The peaks of the mass curves were 
made narrow and only the maximum ordinates 
measured. Certain calibrations validated this 
procedure; one of these is shown in Fig. 3. 
The upper solid line shows the total ion current 
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Fic. 4. Effect of impurities. 


(i.e., the plate current) as a function of filament 
current, while the dotted line has ordinates pro- 
portional to the sum of the Faraday collector 
currents due to the several ions present. The 
constant by which each Faraday collector 
current was multiplied was 950. Again, the ratio 
of plate current to Faraday collector current at 
a time when only Cs ions were present was 920. 
The ratio estimated at a time when Mo ions and 
K ions were present was 910. The ratio calcu- 
lated from the geometry of the tube was 1050. 
It was concluded that the maximum current 
due to a given ion was proportional to the 
number of such ions leaving a constant area of 
filament. 

The chief indication that the pressure (10-7 
mm) was good enough for work function data 
was that electron runs at high temperatures 
(precisely the range of the ion runs) gave for 
¢o 9 values that were consistent and were near 
to the accepted values for Mo. One Richardson 
plot gave ¢.9=4.0 ev and A=60 amp./sq. cm; 
DuBridge and Roehr® found ¢.»=4.17 ev and 
A=55 amp./sq. cm. For temperatures lower 
than 2000° abs., ¢-9 was usually high, often 
8.0 ev. This probably means that there was then 
an adsorbed layer of oxygen.!° 

Figure 4 shows the effect of impurities on the 
total ion current from Mo. For each curve, the 
log of the actual current is plotted against the 
reciprocal of the temperature. (It is readily 

® DuBridge and Roehr, Phys. Rev. 42, 52 (1932). 


10 This agrees with recent unpublished results of J. M. 
Hunter of this laboratory. 
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Fic. 5. Ion work function. 


shown that, when only one type of ion is present, 
the slope of such a curve gives the ion work 
function with an error of only about 0.3 ev.) 
For curve 1, J is the Faraday collector current 
for K ions; for curve 2, the collector current for 
Mo ions; for curve 3, it is the sum of these 
multiplied by 920; for curve 4, J is the total ion 
current (plate current). It seems reasonable to 
draw from Fig. 4 the following conclusions: 

1, The value of ¢,0 estimated from curve 4 is about 
5.0 ev, while that estimated from curve 2 is about 8.7 ev. 

2. Curve 4 shows signs of the curvature mentioned by 
Barnes, while curve 2 is straight. 

3. The pecularities of curve 4 and of similar previously 
reported data may be fairly well explained as due to the 
ion current of impurities. 


It is evident that measurements of the total ion 
current cannot, for such a specimen as this, 
give sensible values for ¢,. 


TABLE I. Summary of experimental results. 


FILAMENT 
No. +0 
ag 8.5 ev 4.7 ev 
2 8.9 4.3 
8.8 4.3 
3 8.8 4.3 
4 8.9 4.0 
9.1 4.1 
9.0 4.0 
9.2 4.2 
Average 8.96 4.19 


* Not used in average. 


TABLE II. Comparison with results of other observers. 


OBSERVER Lo V 
Langmuir and Tonks" 6.3 
Smith! 6.1 
DuBridge and Roehr® 4.2 
Barnes* 8.2 
Catalan and Magariaga™ 7.2 
Wahlin and Reynolds® 8.4 | 4.2 5.8 
Present data | 9.0 | 4.2 


Therefore data to determine @¢,09 were all 
obtained from values of the Faraday collector 
current with the accelerating voltage set for the 
peak value of the Mo mass curve. J, the actual 
current per unit area, was estimated from the 
measured current by the calibration data pre- 
viously mentioned ; the data were plotted accord- 
ing to Eq. (9). A sample plot is shown in Fig. 5, 
and Table I gives a summary of all such data. 
The average value of 40 is 8.96+0.13 ev. 
Individual values show some variation, and it is 
probable that the vacuum was not so good as 
desirable. But the error is certainly less than 
would be the error in a. value computed from 
measurements of the total ion current. 

For the data here presented, the average 
value of the constant term was 11.0. This com- 
pares favorably with the 12.76 of Eq. (3)— 
particularly when one considers the present 
indirect method of estimating the effective area 
of filament. 

Table II compares the present results with 
those of previous investigators. From theory, 
one should have ¢,9+¢ -0=Lo0+ V. The quantity 
Iot+ V is either about 13.5 ev (using the data of 
Langmuir and Tonks" for Zo) or about 13.0 ev 
(using the value given by Wahlin). The present 
experiments give ¢,0+¢@-9=13.3 ev. It seems 
that experiment agrees with theory to well 
within experimental error. A more accurate 
check on the cycle (2) would probably necessitate 
a measurement of all four quantities for the 
same sample of material. 

It is a pleasure to record appreciation of the 
helpful advice of Professor L. P. Smith under 
whose direction this work was carried out, and 
of the friendly suggestions of Professor H. 
Bethe and of others of the Cornell faculty. 

1 Langmuir and Tonks, Phys. Rev. 29, 524 (1927). 


® Catalan and Magariaga, Anales soc. espan. fis. y quim. 
31, 707 (1933). 
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On Quantum Measurements and the Role of the Uncertainty 
Relations in Statistical Mechanics 


WALTER M. ELSASSER 
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(Received May 1, 1937) 


We investigate here the concept of generalized comple- 
mentarity introduced by Bohr. It is shown that it is not 
possible to ascertain the microscopic state of a system 
without, for the purpose of measurement, imposing upon 
it physical conditions so stringent that they preclude the 
application of the statistical description which was appro- 
priate before the measurement. One may conclude that the 
statistical averages which appear in the formation of an 
ensemble should in quantum statistics be given an inter- 
pretation somewhat different from that of classical sta- 
tistics. These results lead naturally to a critical survey of 
the foundations of quantum statistical mechanics. We 


discuss the physical interpretation of statistical matrices 
which are the quantum equivalent of the classical ensemble. 
By a straightforward generalization of classical methods 
one obtains a statistical representation of a system if a set 
of measurements are given. Let p designate the statistical 
matrix which represents the system; the method consists 
in making the diagonal sum of p log p a minimum, while 
the results of the performed measurements appear as con- 
ditions of the minimum. As an application we treat the 
composition of two separate systems and derive from this 
the general proof of the H theorem which was first given 
by Klein. 


HE fact that in quantum mechanics each 

measurement results in a more or less 
profound change in the measured system gives 
rise to various important problems if we consider 
systems with many degrees of freedom. Quantum 
statistical mechanics has been treated by a 
number of authors; among them are Pauli,' 
Klein? and v. Neumann.’ It might appear, 
especially from v. Neumann’s theory, that a 
quantum statistical mechanics can be built up 
that maintains in each step a strict analogy to 
the corresponding classical concepts. A closer 
investigation shows however that this procedure 
is open to serious objections. Ideas connected 
with the interpretation of quantum statistical 
mechanics have been put forward by Bohr* and 
designated by him as a generalization of com- 
plementarity. They are based upon a consistent 
application of the uncertainty principle to the 
theory of statistical ensembles. In the present 
paper we investigate more closely the bearing of 
these ideas upon certain aspects of statistical 
mechanics. We might remark that our problem 
is intimately connected with the difficulties 
which, according to Schrédinger,' still persist in 
our understanding of quantum theory and which 


'W. Pauli, Sommerfeld Festschrift (Leipzig, 1928), p. 30. 

20. Klein, Zeits. f. Physik 72, 767 (1931). 

3J.v. Neumann, Mathematische Grundlagen der Quanten- 
mechanik (Berlin, 1932), especially chapters IV-VI. 

*N. Bohr, Nature 131, 421, 457 (1933). 

°E, Schridinger, Naturwiss. 23, 807, 823, 844 (1935). 


in a closer consideration appear to pertain 
especially to the realm of statistical mechanics. 


1. MEASUREMENTS AND ENSEMBLES 


In classical theory an ensemble is generated 
by considering a large collection of samples of the 
same system and assuming (or proving, as the 
case may be) that the representative points in 
phase space are distributed according to certain 
rules. We designate throughout by ‘‘ensemble”’ 
the mathematical representation which is pro- 
duced by superposing individual representations, 
whereas the physical specimens to which this 
description refers are said to form a “‘collection.”’ 
If only the ensemble is given, the position in 
phase space of an individual sample may be 
unknown, but it is determined, since in classical 
theory we suppose that it can be measured 
without appreciable perturbation. In construct- 
ing the ensemble we abstract from certain 
parameters of each individual sample. The 
algebraic superposition thus obtained does not 
give us information about the individuals of the 
collection; in order to obtain such information 
we have to recur to measurements to be per- 
formed on the individual samples. 

Now consider quantum theory and suppose 
that a certain collection is given and that by 
some straightforward argument we have ob- 
tained a representation by an ensemble. It is 
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well-known’: * that the quantum equivalent of a 
classical ensemble is a statistical matrix. We 
shall in the next section review briefly the more 
important properties of statistical matrices and 
shall for the moment confine ourselves to con- 
siderations of a more qualitative character. 
There arises the following problem. Suppose we 
want to know what the precise microscopic state 
of each sample is (as far as defined in quantum 
mechanics) and for this purpose we carry out a 
measurement on each sample. Our knowledge of 
the individual system is of course restricted by 
the validity of the uncertainty principle. But we 
are now not so much interested in this feature as 
in the possibility of superposing the representa- 
tions of the individual samples again in order 
to form an ensemble after the measurement has 
been performed. In most cases the systems will 
be modified by the measurement. If this does not 
hold, we meet other difficulties. We shall con- 
sider two typical cases of measurements.’ 

The first type comprises such measurements 
which do not alter the measured system. As an 
example we consider the measurement of the 
energy. It is well known that this measurement 
requires time, and if we want to distinguish 
between two eigenvalues of the energy which 
differ by the amount AE, the time required will 
be of the order #/AE. During that interval the 
system has to be isolated from external influ- 
ences. For simple systems such a measurement 
presents no difficulty.® But it is readily seen that 
for systems with many degrees of freedom, such 
as are considered in statistical mechanics, an 
enormous length of time is required since the 
density of eigenvalues becomes extremely large. 
Such a type of measurement is therefore without 
significance for the purposes of statistical 
mechanics. To make this point clear it should be 
noted that this difficulty does not result from 
any lack of ingenuity in constructing our measur- 
ing instruments or from an inadequate choice 
of the used idealizations. The importance of 
using adequate idealizations in clearing up the 
limits of measurements has been strikingly 


6 W. Pauli, Handbuch der Physik, Vol. 24, second edition, 


section 9. 
7 The distinction between measurements of the first and 
second kind has been introduced by Pauli, reference 6. 


demonstrated by Bohr and Rosenfeld.* It is 
evident, however, that the limit considered here 
is inherent in the very nature of quantum 
theory. This applies also to the typical examples 
to be considered later. If we study representa- 
tions of systems in the sense of statistical 
mechanics, it is absurd to make use of measure- 
ments which require long periods, as compared 
with the time during which we are actually 
interested in the evolution of the system. These 
measurements can teach us nothing for our 
purpose. Quantum mechanics provides us with 
an operational scheme, not only in the mathe- 
matical sense of the word, but also in the 
physical sense. It prescribes definite rules of 
how to manipulate the measuring instrument in 
relation to the measured object in order to 
obtain a certain type of information. In fact, 
according to what particular measuring operation 
we perform, the result will be one of a complete 
set of pure states, the resulting set depending 
essentially upon the type of measurement 
chosen.® It can, however, actually become absurd 
to fulfill the requirements which would lead to 
the determination of a pure state; then we lose 
the possibility of obtaining a unique application 
of the formalism of quantum mechanics. Mathe- 
matically, it means that we are justified in 
representing our system by a pure state (a single 
wave function) whenever an appropriate type of 
measurement has been carried through. In all 
other cases we cannot give a preference to one 
definite pure state and we should therefore 
represent our system by a statistical matrix (an 
ensemble of wave functions) in a way which will 
appear more clearly later. 

The same kind of argument as outlined here 
for the energy applies also to all quantities for 
which the measurement requires a very long 
time. The quantity to be measured need not 
always be a constant of the motion; if it changes 
in time we may choose our measuring instrument 
in such a way that it just counterbalances in each 
moment the change undergone by the quantity. 
More details about this latter topic, which we 


a 933} Bohr and L. Rosenfeld, Danske Vidensk. Selskab. 

® This fact has recently been discussed from a viewpoint 
close to ours by E. Schriédinger, Proc. Camb. Phil. Soc. 
31, 555 (1935); 32, 446 (1936). 
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need not consider here, may be found in v. 
Neumann’s book.'® 

We take now a second kind of measurement. 
Suppose we measure the position in configuration 
space of our system (i.e. we measure simul- 
taneously the positions of all its constituents). 
The measurement may be such that following it 
the system is certainly to be found within a small 
volume element of the configuration space. This 
measuring operation is evidently of a perturbing 
type. The coupling between the measuring 
device and the parts of the system will in general 
be much stronger than the interaction between 
the parts of the system themselves. After the 
measurement has been performed on each sample 
of the collection, we may again superpose the 
individual wave representations so that in the 
ensemble (statistical matrix) thus obtained each 
part of the configuration space appears with its 
due weight. But this collection will physically 
be fundamentally different from what it was 
before the measurement. Indeed, as a result of 
the measurement, the constituents of the 
system will have obtained very high average 
velocities; the previous couplings will thus no 
longer hold and the system will burst into a 
number of parts within a comparatively short 
time after the measurement. There is, then, no 
physical sense in having a common representa- 
tion of this collection by a statistical matrix. For 
if we follow the behavior of the samples even 
during a short time, they will completely diverge 
from each other as well as from the average 
behavior of the collection before the measure- 
ment. In this case, again, the use of an ensemble 
for describing and especially for predicting the 
average behavior of a collection of systems as 
found in nature and the precise knowledge of the 
state of the individual samples exclude each 
other. 

In order to avoid the change in a system caused 
by performing a measurement on it, it has been 
proposed'® to compensate this change by an 
appropriately chosen additional potential so as, 
for instance, to make the state after the measure- 
ment a stationary one. In our case we could, 
immediately following the measurement, sur- 
round each system by a sufficiently high potential 
barrier in configuration space which prevents it 


1°y, Neumann, reference 3, p. 189. 


from escaping out of the position in which it has 
been found by the measurement. But this 
auxiliary potential would have to be different for 
each individual sample and it lacks evidently all 
physical sense to use an algebraic superposition 
of such states for describing an average behavior 
of systems; this statistical representation by an 
ensemble would become a mere mathematical 
fiction without any physical significance. There- 
fore, in this case also we spoil the physical sense 
of the collection by determining the states of the 
individual samples. 

The examples just considered explain the 
sense of the generalized principle of comple- 
mentarity.4 We recognize that quantum me- 
chanics may be applied uniquely only in the case 
of systems of comparatively small size. If systems 
with many degrees of freedom are involved, the 
possibility of giving a unique quantum-mechanical 
representation of a system by a pure state and the 
possibility of leaving it in approximately the con- 
ditions under which it appears as sample of a given 
collection, will in general exclude each other. As 
distinguished from classical mechanics, this con- 
dition cannot be overcome by sufficiently refined 
measuring devices. 

In order to understand better the sense of 
such a statement, it should be made clear that 
the concept of a statistical ensemble has essen- 
tially an a posteriori character. There exists no 
general a priori principle of how to collect 
samples which can be represented by the same 
statistical matrix and there is no universal cri- 
terion for the degree of variation that would 
suffice to exclude a sample from a given col- 
lection. It is therefore not possible to ascertain 
in rigorous a priori terms the meaning of an 
appropriate statistical representation of a system. 
In individual cases we can frequently define it 
without difficulty. 

We may now ask how to characterize measure- 
ments which do not vitiate the capacity of 
systems to serve as samples of a given collection. 
The performance of a measurement on each 
sample will frequently make it necessary to split 
a given collection in a number of sub-collections 
according to the respective results of the meas- 
urements. If, for instance, a measurement would 
determine a pure state of the system, then each 
pure state might give rise to a separate collection. 
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If the measurement is less precise, the new col- 
lections can be more comprehensive. We will 
especially ask for the conditions which have to 
be fulfilled in order that the effect of the uncer- 
tainty relations brought about by the measuring 
process does not lead to a change in the essential 
properties of the collection which was given 
before the measurement. We shall call such 
measurements nonperturbing ones. This term can 
be understood to mean also that the measure- 
ment should not require an excessively long time 
during which the system would have to be 
isolated from all external influences. As already 
pointed out, a concept of this kind will have an 
essentially a posteriori character and can only be 
defined with respect to given concrete circum- 
stances. Since in quantum mechanics each 
measurement produces some perturbation, there 
exist only approximately nonperturbing meas- 
urements. The mathematical expression of a 
measurement in terms of statistical matrices will 
be given later. It might nevertheless be useful to 
illustrate at this time our considerations by 
studying briefly a nonperturbing measurement 
in a simple special case. 

Take a Brownian particle suspended in a gas 
or liquid. We propose to measure, for instance, 
the x coordinate of the particle at a given 
moment. In doing this we communicate to the 
particle an average momentum of at least the 
amount 


Ap=h/Ax, (1) 


if Ax is the margin of precision of our measure- 
ment. The particle has itself a certain average 
speed due to its temperature movement and we 
may assume that our measurement does not 
essentially perturb the system, if the momentum 
produced by the measurement does not exceed 
the average momentum under the temperature 
movement. According to (1) this gives immedi- 
ately 


Ax=h/(mkT)}', (2) 


where m is the mass of the Brownian particle. A 
measurement of the type defined by (2) may here 
be called nonperturbing. 

The Brownian particle will undergo a displace- 
ment which, by Einstein’s formula, using Stokes’ 
law for the resistance of small spheres, may be 


expressed as 
=RT-t/3anr, (3) 


where r is the radius of the sphere and 7 the 
viscosity of the gas or liquid. It may be seen by 
comparing (3) with (2) that after some time the 
particle will have left the area covered by the 
wave packet of the size Ax; therefore relevant 
statistical predictions about the behavior of our 
system can be drawn, even if only nonperturbing 
measurements are given. Assume now, for in- 
stance, that the equality sign holds in (2). Pre- 
dictions of the type (3) can only be made for a 
limited time. Indeed, from (1) we know that the 
wave packet of the size Ax representing the 
result of our measurement will spread out in 
course of time and after a period which is not too 
short we may write 


(|x| 


Since this effect is proportional to ¢, whereas the 
Brownian displacement is proportional to #}, the 
spreading out of the wave packet will always in 
course of time overtake the diffusion effects, and 
predictions based upon (3) then become invalid. 
This, of course, represents just the remainder of 
the unavoidable perturbation connected in 
quantum mechanics with each measurement. 
The considerations given above may illustrate 
the different role which statistical mechanics 
plays in quantum theory as compared with 
classical physics. In classical theory we use 
methods of statistical mechanics in order to save 
the labor of detailed measurements and of cal- 
culations concerning features of the system in 
which we have no particular interest. It has 
however a definite physical sense to ascribe such 
features to the system, even if we should happen 
not to know them, since they can always be 
determined by measurements which do _ not 
produce an essential perturbation of the system. 
In quantum mechanics, on the other hand, there 
is no sense in speaking about a definite micro- 
scopic structure of a system, 7.e., a definite pure 
state, unless such a state has first been realized in 
the measuring operation. Indeed the state, more 
precisely the orthogonal set of states which will 
show up as a result of the measurement, depends 
essentially upon the particular choice of the 
measuring device. From this viewpoint sta- 
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tistical mechanics gains a much greater sig- 
nificance than it seems to have in classical 


physics. 


2. STATISTICAL MATRICES 


We shall now review briefly some properties 
of statistical matrices.*: ® Suppose first that our 
system can be described by a single wave func- 
tion ¥(x), where x denotes as usual all coordinates 
of the system; such a system is said to be in a 
pure state and we can define a corresponding 
statistical matrix by 


(x" | py | (4) 


A generalized statistical matrix which represents 
an ensemble or ‘‘mixture”’ consists of a number 
of pure states Yi~2---, superposed with the 
respective probabilities 7:72: --. We suppose the 
y, to be all orthogonal and normalized and we 
normalize the r, by the condition >-,7,=1. The 
statistical matrix representative of the mixture 
is then defined as a sum of matrices of the type 


(4): 
(x’ | p | x") = n(x”). (5) 


It is convenient to have a special sign for the 
sum of the diagonal elements of a matrix. This 
quantity, usually called the “trace” of the 
matrix, will be designated by Tr(p) and we have 
by the normalization of the r, and y,: 


Tr(p) =1. (6) 


The trace is invariant with respect to a trans- 
formation of the type 


X—"pX =r. (7) 


Now suppose in particular X to be unitary and 
r to be the diagonal form of p. We can easily show 
that the eigenvalues of p are just the r, of (5). 
Indeed 


and the y,,* are the corresponding eigenfunc- 
tions. Since the 7, are all positive by their 
definition as probabilities, we see that a statis- 
tical matrix can only have positive eigenvalues. 
A matrix with this property is called ‘‘definite.”’ 


On the other hand, each definite Hermitian 
matrix may of course be written in the form (5). 
For the sake of simplicity we confine ourselves 
in the following considerations to matrices which 
have only discrete indices. The diagonal elements 
of a definite Hermitian matrix are all positive in 
any representation of the matrix. Indeed, we 

have from (7), since X is unitary 
Pm= |Xnm|? (8) 


where p,, stands for the diagonal elements pmm. 
Let p’ be any other statistical matrix; its eigen- 
functions may be different from the y,*. Con- 
sider the sum p’’=ap+ 8p’ with positive coef- 
ficients a and 8. This is again a definite matrix. 
We have namely for the diagonal elements 
=apmt+Bpm’ and therefore is positive by 
(8). Since this is true for all systems of reference, 
it is evidently true for the system in which p” 
is diagonal. Hence p”’ has only positive eigen- 
values and is a definite matrix. 

We prove now Klein’s lemma:*:" For every 
definite Hermitian matrix we have the inequality 


Ypm log log rn, (9) 


where p,, are again the diagonal elements of p in 
any representation and 7, the eigenvalues. The 
equality sign holds if and only if p is diagonal so 
that the p,, are just a permutation of the r,. 
We know that the p,, as well as the 7, are all 
positive. Consider the auxiliary function 


r,—log pm) —1n+Pm- 


It is readily seen that this function vanishes for 
fPm=r, and is positive for all positive values of 
pm and r,. Now multiply Qum by |Xnm{? and sum 
with respect to m and m. Considering (8) and the 
relations 


we obtain 
LOnm| Xam | log Pm log Pm. (10) 
Since the left-hand side is essentially positive, 


our inequality (9) is proved. We have yet to 
ascertain in which case the equality sign holds. 


1 See also v. Neumann, reference 3, p. 202. 
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We shall here confine ourselves to the case of a 
matrix p with a finite number, say N, of rows and 
columns. If the equality sign holds in (9), the 
left-hand side of (10) must vanish and since all 
terms are essentially positive, we must for each 
pair of indices (n,m) have either Qnum=0O or 
Xnm=0. But a unitary matrix in N dimensions 
has at least N nonvanishing elements one in 
each row and one in each column; therefore at 
least N of the Q,, must be zero one for each 
value of m and m. This proves according to (10) 
that the p,, reproduce the 7, in some order. If we 
label the p» conveniently, X can be taken as the 
unit matrix; otherwise X will correspond to 
some permutation of the r,. 

We come now to the physical properties of 
statistical matrices. If /7 is the Hamiltonian of 
the system, the statistical matrix p changes in 
time according to the Schrédinger equation 


thdp/dt= Hp — pH. (11) 


It is easily seen from (11) that Tr(p) is a constant 
of the motion. The same is true for the trace of 
any function of p. 

We consider, finally, measurements. Let F 
be any physical quantity of the considered 
system. If we measure its value on each sample 
of the collection, then the average value or 
“expectation value” of F in the collection is 
given by 

F=Tr(pF). (12) 


We have of course Tr(pF)=Tr(Fp). We must 
give closer consideration to the physical sig- 
nificance of formula (12). In v. Neumann’s inter- 
pretation of statistical mechanics it is assumed 
that each individual sample of a collection is in 
a definite pure state and that the performance of 
a measurement results in another pure state 
(usually different from the previous one). Now 
we have shown in the first section that it is 
necessary to build up statistical mechanics 
without such a specialized assumption. Usually 
we will not be authorized to assume that the 
individual system is in a pure state, neither 
before, nor after the measurement. We can and 
we shall therefore regard the statistical matrix 
as the appropriate physical description of the 
individual samples as well as of the collection as 


2 P, A. M. Dirac, Proc. Camb. Phil. Soc. 25, 62 (1929). 


a whole. The relation between the samples and 
the ensemble is then the same as the relation 
between a physical system and its wave descrip- 
tion in the theory of pure states: Unless new 
measurements are performed, the wave function 
or the statistical matrix represents the most 
precise description of the system which is avail- 
able with the given information. 

A quantity F will in general have a statistical 
dispersion in the ensemble p and we may for 
instance measure the dispersion by the square 
root of [(F—F)?]. v. Neumann? has shown that 
in a statistical matrix which is not a pure state 
each quantity has a nonvanishing dispersion. 
Suppose now we have measured F on each 
sample of our collection. The measurement will 
have a certain margin of precision. Suppose this 
margin is smaller than the dispersion of F in the 
ensemble. The ensemble will then be called 
separable with respect to the measurement of F. 
We may divide the corresponding collection in 
a number of part collections in such a way that 
all samples of one part collection have the same 
value of F within the margins of the measure- 
ment. An ensemble in which the dispersion of F 
does not exceed the margin of precision of the 
measurement of F is called nonseparable with 
respect to this measurement. In the same way 
we can define nonseparability with respect to a 
set of several simultaneous measurements. A 
separable statistical matrix can be expressed as 
a sum with positive coefficients of nonseparable 
matrices. 

The concept of separability will be helpful in 
formulating in a more precise way the results of 
the first section. It is evident that if an ensemble 
is nonseparable at a certain instant, this must not 
hold for all time. Especially if the system under- 
goes a strong perturbation, the nonseparability 
will rapidly be lost. It has been pointed out above 
that in such a case the statistical description is of 
little physical value. Only nonseparable en- 
sembles which remain so for a reasonable length 
of time are useful in statistical mechanics. Non- 
perturbing measurements are such measure- 
ments which applied to a collection described by 
a nonseparable matrix do not, for a reasonable 
length of time, transform it into a collection 
described by a separable matrix. 
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We can in the future confine ourselves to the 
consideration of nonseparable ensembles. The 
breaking up of a separable ensemble into non- 
separable ones and the reciprocal superposition 
do not involve any features characteristic of 
quantum mechanics. These operations are within 
the realm of classical statistical mechanics. On 
the other hand, if a collection can be represented 
by a nonseparable ensemble, this means that the 
samples have no individual features to distin- 
guish them from each other. We said above that 
the statistical matrix represents the individual 
sample as well as the whole collection. We can 
now state more precisely that this applies only 
to nonseparable matrices. 

If a number of measurements performed on an 
individual system is given, we may ask for a 
description of this system by a statistical matrix. 
The statistical statements implied in the matrix 
will express the behavior of a nonseparable col- 
lection for which all the measured quantities 
have the given values. Under these conditions 
formula (12) represents also the results of a 
measurement on the collection. If therefore a 
number of measurements on a system are given 
and a representative statistical matrix has to be 
found, we may write conditions for this matrix in 
the form (12), where on the left-hand side we 
insert the results of the measurements. The 
method of constructing such a matrix will be 
considered in the following section. 

It will be useful to ascertain that the definition 
(12) of a measurement is a consistent one. By 
this we mean a proof of the fact that the result 
of a physical measuring operation can be given 
in the form (12); this will be analogous to well- 
known considerations about measurements in 
the quantum theory of pure states. We shall 
give a proof for arbitrary measuring devices, 
assuming however that the interaction due to the 
measuring process can be represented by a first- 
order perturbation. The measuring operation 
consists in a unique coupling between the quan- 
tity to be measured and a macroscopic quantity 
called the ‘‘pointer’’ of the measuring instrument. 
From the position of the pointer we infer the 
value of the quantity to be measured. 

Consider first macroscopic quantities. From 
Ehrenfest’s well-known theorem on the move- 
ment of wave packets it follows immediately that 


if formula (12) is applied to any dynamical 
variables, their average values will obey the 
classical Hamiltonian equations 


dq,/dt=dH /dp, 


whenever it is possible to express the Hamiltonian 
HT in a sufficient approximation as a function of 
the variables p, and g,. Formula (12) is therefore 
an appropriate definition of the macroscopic vari- 
ables of a system and is thus certainly justified 
when the measured quantities pertain to classical 
macroscopic mechanics. The general measure- 
ment to be considered here need not be a non- 
perturbing one. Let the Hamiltonian of the 
measuring instrument be M(y), while the 
measured object has the Hamiltonian //(x). Let 
V be the interaction potential and let the repre- 
sentation of the system before the measurement 
be p=p:°-p,°. Inserting this into the Schrédinger 
equation (11) we have 


We are interested in the change brought about 
in the measuring instrument by the interaction. 
We find for this, if Tr, designates the trace taken 
in the x space alone, 


thdp,/dt= Mp,° —py°M+ Vpz°py° —Ps Py V). 


Let Y be a macroscopic variable of the measuring 
instrument, the one which characterizes the 
position of the pointer. For the sake of simplicity 
assume further that the pointer is at rest if no 
interaction with the measured object takes 
place; i.e., 


Tr( YMp,°— Yp,°M) =0. 
We obtain for the displacement of the pointer 


dY/dt=Tr,( Ydp,/dt) 
= V)) 
= (ih) Tr.(Tr,( YVpy°) -p2°—pz° Try( Yp,y°V)) 
= (ih) Yp,°V)). 


The last expression is just of the form (12) with 
respect to the variables x of the measured 
object ; on the other hand the left-hand side gives 
the change of a macroscopic quantity to which 
the expectation value thus determined is uniquely 
related. This shows that within the limits of a 
first-order approximation the result of a measur- 
ing operation may be expressed by (12). 
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We can in the same way write down the per- 
turbation brought about in the measured object 
by the measuring process. As pointed out above, 
the latter perturbation determines whether a 
nonseparable ensemble remains nonseparable 
after the measurement. It seems appropriate to 
use in this case not only a first order approxi- 
mation but rather the general integral of the 
Schrédinger equation say p(t). The perturbation 
brought about in the measured object by the 
measuring instrument may then be written 


Apz(t) =Tr,(e(t)) —pz(t) 


where p and p, refer to the Hamiltonians 
H+M-+V and respectively. For nonperturb- 
ing measurements this expression has to remain 
small for a considerable length of time. 


3. THE EXTREMUM PRINCIPLE 


According to the considerations of the previous 
section we will now mainly deal with non- 
separable ensembles. Our problem is the con- 
struction of a nonseparable statistical matrix 
which represents a given system, the system 
being characterized by a number of measure- 
ments. The results of the measurements will 
appear as conditions of the form (12) for the 
statistical matrix p. These conditions do not 
uniquely define p; the problem of determining p 
is essentially an indefinite one. In a system with 
many degrees of freedom there will be a large 
number of eigenvalues 7, of p which are all not 
negligibly small; there will on the other hand 
only be a restricted number of measurements. 
Thus there is a very large number of statistical 
matrices, all equally well compatible with the 
given conditions. We can however try to make 
the problem artificially a determined one by in- 
troducing suitable assumptions. Such assump- 
tions are suggested by familiar ideas of classical 
statistical mechanics. A closer consideration of 
the latter will show that we may distinguish two 
main types of assumptions. The first type ex- 
presses the equal a priori weight of all cells in 
phase space, or, in quantum theory, of all non- 
degenerate pure states. We might try to assume 
that all pure states which are compatible with 
the given measurements appear with the same 
weight and all other states with weight zero. It 
would be difficult to obtain in this way a simple 
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analytical expression for p and the expression 
would moreover depend upon the frame of pure 
states chosen and would not be invariant in func- 
tional space. Although a similar condition seems 
necessary, it ought to be introduced in an 
alternate way. 

A second assumption which is usually made in 
statistical mechanics concerns the distribution at 
random of certain phases of the samples. It 
should be noticed that “distribution at random” 
is an indefinite concept. By this we mean that its 
significance is not expressible in terms of a con- 
structive rule of operation.’ Concepts of this 
type occur frequently in statistical mechanics as 
well as in probability theory in general and are 
responsible for most of the paradoxa and com- 
plexities which are so characteristic of this 
science. The very fact that, in spite of the in- 
definiteness of such assumptions, we arrive at 
definite analytical expressions for the proba- 
bilities shows that we have not so much used the 
assumptions in a constructive way, as that we 
have substituted analytical relationships which 
agree sufficiently with the commonsense meaning 
of these concepts. 

Let us now recall that the problem of finding 
a statistical matrix representing the system is 
essentially an indefinite one. In view of the dif- 
ficulties just mentioned, it seems appropriate to 
introduce from the beginning an assumption of 
an analytical character which yields definite 
values for all the probabilities. In quantum 
theory this can be done in a fairly simple way by 
means of a variational principle. If we introduce 
such a principle as a postulate, all statements 
about the system take the form of definite 
analytical expressions for the probabilities. It 
is readily seen that the expectation value of 
p log p is closely related to the entropy.?:* For 
a canonical ensemble it will just be equal to the 
negative of the entropy divided by Boltzmann's 
constant. The quantity 


n=Tr(p log p) = YUr. log rn 


will be called the mixture index of the statistical 
matrix p. The 7,, being the eigenvalues of p, are 


(13) 


13 [t is for instance not possible to give a prescription of 
how to construct an infinite sequence in which the figures 
0 and 1 appear with equal probability, but otherwise 
“at random.” This however does not disprove the existence 
of such sequences. 
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all positive fractions smaller than unity and 
therefore 7 is an essentially negative quantity. 
We take now as the fundamental assumption 


n=Tr(p log p) = Min. (14) 


The minimum has to be chosen in such a way as 
to account for the given measurements. Let 


Tr(A 1p) =a, Tr(A 2p) (15) 


stand for the measurements where a,d2--- are 
the respective results of them. The minimum 
(14) has to be found under the conditions (15) 
together with the normalization condition (6). 
We shall show later on that the problem has in 
many cases a unique solution. Therefore, by (14), 
all probability statements concerning our system 
become definite. 

An important special case of (15) is the one in 
which all the operators A,A2--- commute with 
each other. We shall prove the following the- 
orem; If all the operators A,A2--- commute 
with each other, the matrix p which has a 
minimum mixture index commutes with all of 
them. Since A,A2--- commute, we can transform 
them simultaneously into diagonal matrices. In 
the corresponding system of reference the con- 
ditions (15) and (6) will involve only the diagonal 
elements p, of p. On the other hand, from 
Klein’s lemma (9) we have by (13) 


Lem log pm=Tr(p log p). (9’) 


This shows that for any given set of diagonal 
elements the minimum mixture index is assumed 
if all nondiagonal elements vanish, for only in 
this case the equality sign will hold. This being 
true for any set of pm, it holds also for the one 
which minimizes log under the condi- 
tions (15) and (6). Thus our theorem is proved. 

There are certain limits for the application of 
(14). According to the previous section, it is 
necessary that for all the measured quantities 
A,A;2:-- the dispersions in the ensemble p 
obtained by (14) come out to be smaller than 
the respective margins of the measurements. 
Measurements refer primarily to individual 
systems; instead we can consider a collection of 
systems in which the measurements have all 
yielded the same results within their respective 
margins. Such a collection is represented by a 


nonseparable ensemble. The condition just 
stated means that the statistical matrix obtained 
by (14), in order to have a physical sense, must 
be nonseparable with respect to the given 
measurements. In this case the collection to 
which it refers does not contain samples which 
would deviate from the given measured values. 
We may easily extend our method so as to 
include separable collections. The expressions 
(15) will then refer to average values of measure- 
ments on the collection. This is just the case of 
“classical’”’ statistics. Let us now consider the 
superposition of two ensembles, say p= ap’ 
where a+8=1 and the matrices are all normal- 
ized. If p’ and p’”’ are determined by (14), their 
superposition p will in general be different from 
the matrix obtained when the two collections are 
first superposed and then (14) be applied with 
the expectation values of the combined collection 
substituted in (15). Simple relations will hold if 
p’ and p” differ only very slightly from each 
other. Since we deal with systems with many 
degrees of freedom, we may neglect the variation 
of log p if the variation of p is small and write 


p log p= (ap’ +8p"’) log p=ap’ log p’+Bp” log p”’. 


This formula refers to the superposition of two 
collections which are suitably described by p’ and 
p” and it has nothing to do with measurements. 
Let us on the other hand assume that p’ and p” 
have been obtained by (14) under conditions 
(15). For the sake of simplicity let aga3--- be 
the same in both ensembles and let only a, be 
different, its value being a’ in the first and a” 
in the second ensemble. The minimum mixture 
index can be considered as a function of a;; now 
since a’ and a” differ only very slightly from each 
other, we have identically 


n(aa’+Ba"’) =an(a’)+Bn(a"’). 


This formula refers to the dependence of » (and 
thus of p) upon measurements formally given by 
(15) and states nothing about collections. Now 
aa’'+ Ba" is just the expectation value of a; in 
the combined collection. Comparing the two last 
formulae we infer: If two collections differ only 
very slightly from each other, we obtain the same 
statistical matrix whether we apply (14) to 
the collections individually and then superpose 
the matrices obtained, or superpose the col- 
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lections first and determine p from the expecta- 
tion values of the combined collection. 

We may close this section by a few remarks of 
a general character. The difficulty which we 
encountered above, namely to describe a system 
with a restricted amount of information is of 
course by no means characteristic of quantum 
theory. We have merely to deal, under a par- 
ticular aspect, with a general problem of proba- 
bility theory, namely the problem of inverse 
probabilities or of inductive inference. By defi- 
nition, inductive inference starts from premises 
which are not sufficient to determine uniquely 
the results to be reached and its application has 
therefore to be based upon appropriate general 
principles." 

Now the fact that in our problem we deal with 
a form of inductive inference may so far be 
taken as a rather trivial point of terminology. 
However, in statistical mechanics one may give 
to the term “‘induction”’ a specific physical sig- 
nificance. It has been pointed out above that 
the quantum theory of pure states does not 
exhaust the problem of giving a quantum repre- 
sentation of complex systems. If we obtain such 
a representation by means of (nonseparable) 
statistical matrices we proceed essentially from 
the macroscopic features of a system towards the 
microscopic features. This is quite in contradis- 
tinction to the naive classical picture of an 
object where it is usually silently supposed that 
the macroscopic features of a system are deter- 
mined in function of its microscopic ones. We 
may therefore term as ‘‘physical induction’’ the 
method outlined here in which all elements of 
the description are determined by their relation 
to the macroscopic quantities characterizing the 
system. The theory of measurements has been 
briefly treated above and it may now be seen 
that a measurement constitutes the limiting case 
in which inductive inference concerning the 
microscopic features tends towards certainty. 
In this case, of course, the state is uniquely 
determined without an additional assumption 
like the minimum principle (14). Quantum sta- 
tistical description of a system represents more 


precisely a mixture of inductive and deductive 


4 For a discussion of this problem from the viewpoint 
of probability calculus see for instance R. A. Fisher, 
Proc. Camb. Phil. Soc. 26, 528 (1929) ; 28, 257 (1932). 


elements, the latter arising from the fact that 
the Hamiltonian of the system is usually as- 
sumed as given a priori. 

We may apply this idea to explain a specific 
aspect of quantum indetermination in the theory 
of statistical matrices. Approaching the situation 
naively we might be tempted to say that our lack 
of knowledge concerning the microscopic vari- 
ables of a system is of two different types. The 
one is that necessary lack of knowledge which 
results immediately from the uncertainty rela- 
tions and which cannot be eliminated from the 
quantum theory of pure states. The second type 
is the lack of knowledge of phases which is basic 
in the classical theory of ensembles and which is 
there accidental, since the knowledge can always 
be gained by measurements on the individual 
samples. In quantum theory, the corresponding 
circumstance has to be expressed as the lack of 
knowledge which is due to the superposition of 
several pure states in an ensemble. Both types of 
indetermination will enter into a prediction of 
the future behavior of the system. Now it ensues 
from our above analysis that in a nonseparable 
ensemble there will be no physical sense in dis- 
tinguishing between the effects due to the specific 
quantum indetermination and those due to the 
accessory indetermination expressed by the su- 
perposition of several pure states in the ensemble. 


4. APPLICATIONS 


We shall confine ourselves here to the most 
elementary applications of our principle (14). 
As a first example we shall consider the canonical 
ensemble.'® It results under the conditions 


Tr(Hp)=E, Tr(p)=1. 


From the theorem proved in the preceding 
section we see that p commutes with H/ and this 
means according to the Schrédinger equation 
(11) that the ensemble is stationary. Let W,, be 
the eigenvalues of //; for the eigenvalues r, of p 
we have the differential equations 


(d/dr,) (tn log rn =0, 


where a and £ are Lagrangian parameters. Deter- 


mining these from W,r,=E and we 


18 J. v. Neumann, Gottingen Nachrichten, 1927, p. 273. 
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obtain finally 


where the constant @ is defined by the equation 


We may also write the result in the invariant 
form!® 


The properties of the canonical ensemble are 
familiar and need not be considered here. 

We pass now to a second application. Let two 
separate systems be given; we may then either 
have a common representation of them by a 
statistical matrix and may ask for the representa- 
tion of one system which does not refer to the 
other ; or we may be given a statistical matrix for 
each system and may be required to find a 
common representation of both. 

We begin with the first problem. Let (x) and 
(y) designate the coordinates of the first and 
second system, respectively. According to v. 
Neumann a consistent definition of the ‘‘projec- 
tion” of p upon the part spaces (x) and (y) is 
given by 

p2=Try(p), py=Tr2(p). (16) 


The projection of a statistical matrix upon a part 
system is therefore equal to the expectation value 
of the unit operator in the complementary part 
system. From the fact, proved in the second sec- 
tion, that a sum of definite matrices is again def- 
inite it can be deduced that the projection of a 
definite matrix upon a part space is also a definite 
matrix. Suppose now the system is ina pure state. 
A wave function of the whole system will be a 
product of the wave functions of the part 
systems. If, however, the two systems have 
previously been interacting and have then been 
separated, the common wave function will no 
longer be a product. It can easily be verified from 
(16) and (5) that the projection of the pure state 
which represents the total system upon a part 
system will in general be a mixture. Einstein, 
"16 This fact may for instance be used to obtain the 
canonical ensemble by projecting a pure state with respect 


to the energy of a very large system upon a small part 
system—quite in analogy to classical statistics. 


Podolsky, Rosen” and a number of other authors'® 
have thoroughly investigated this case and have, 
in particular, brought out an interesting paradox 
concerning the influence which a measurement 
performed on one part system has upon the 
quantum mechanical representation of the 
other. For our present purpose we are not so 
much concerned with this difficulty as with the 
elementary fact underlying it, namely, that the 
systems after interaction have phase relations; 
measurements performed on one system will 
enable us to draw inferences about the state of 
the other. 

Consider the inverse problem of the previous 
one: Given two separate systems and two 
statistical matrices p, and p, representing them; 
find a common representation by one statistical 
matrix p. It is easily seen that the problem is far 
from being uniquely determined, it has in general 
a large number of solutions. If, however, we 
choose as the representation that for which the 
common mixture index is a minimum under the 
conditions (16), the solution will become unique. 
If the mixture index is to be made a minimum, 
p will be the so-called outer product of p,z and py: 


=pzX Py, 
P>=PzAPy (17) 


meaning (mp|p|nv)=(m|pz|n)(u| py|»). 


Since pz and p, are defined in independent 
spaces and therefore commute we can transform 
them simultaneously into diagonal matrices. We 
can show that the matrix p which has a minimum 
mixture index is diagonal in the same system of 
reference. This follows in the same way as the 
theorem about commutative matrices given in 
the preceding section: By Klein’s lemma (9’) 
the minimum mixture index compatible with a 
given set of diagonal elements is obtained if all 
nondiagonal elements are zero. These values 
fulfill identically the nondiagonal part of the 
matrix Eqs. (16), namely, 


XL p| mv) = (mu| p| npn) =0 


for and respectively. 


17 A. Einstein, B. Podolsky and N. Rosen, Phys. Rev. 
47, 777 (1935). 

18 N. Bohr, Phys. Rev. 48, 696 (1935); E. Schrédinger, 
reference 9; W. M. Furry, Phys. Rev. 49, 393 (1936); 
H. Margenau, Phys. Rev. 49, 420 (1936). 
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Let pm, and pzm and p,, designate the diagonal 
elements of p and p, and py, respectively. The 
diagonal part of the conditions (16) reads now 


Pmu = Pmu = Prem. (18) 
m 


The minimum is determined by the differential 
equations 


(d/dpmu) 1X Pmy =O 
which have the solutions 
Prag = 
Inserting this into (18) we obtain 


where y is a real constant. Therefore, finally 
Pmyu = PzmPyz. Now formula (17) is invariant if 
and p, undergo a transformation of the type (7) 
in their respective part spaces. We may therefore 
bring them back in their original form, if the 
latter was nondiagonal; thus (17) holds generally 
true when the mixture index is minimized. 

If we measure the expectation value of any 
operator R in (x) and of any operator S in (y), 
then the simultaneous expectation value of both 
is according to (17) equal to R-S. Now this is 
just the formula for the simultaneous occurrence 
of independent events; therefore no correlations 
between pairs of measurements performed sepa- 
rately on each of the part systems do exist. This 
excludes also the occurrence of the Einstein para- 
dox referred to above. We can show on the other 
hand that if (17) does not hold, such correlations 
can always be found. 

If again pz and p, are given, there will then be 
at least one element of p, say (m’u'|p|n'v’), 
which is not equal to (m’|pz|n’)(u’|py|v’). Let 
Em n be an operator in the x-space whose 
matrix element m=m’', n=n’ is unity, all other 
elements being zero, and let E,-y be another 
operator of this kind. Consider the linear com- 
bination mn 1; in order that all expec- 
tation values in system (y) be independent of 
the particular choice of a and 8 in (x), we must 
have 


(u’ | Tr.(p(aE mn’ +BEx1)) | v’) 
(aE mn’ (u’ | py| v’) 


for all values of a and ~. From this we derive 
easily 
a | p|l’v’) —(R"| pz|l’)(u’| py |v’) 


(m'u'|p|n'v’)—(m' | pz|n’)(u' | py 


where the denominator does not vanish according 
to hypothesis. This relationship can evidently 
not hold identically for all values of a and £ and 
therefore, if a pair of measurements involves 
essentially the matrix elements (m’|p.|n’) and 
(u’|py|v’), respectively, their results are not 
independent of each other. 

We may thus state: There exist no correlations 
between measurements performed on two sepa- 
rate systems if and only if their common repre- 
sentation, subject to the conditions (16), is of 
the form (17) corresponding to a minimum 
mixture index. From this we see that a repre- 
sentation which is unique will remain unique if 
any number of dimensions are added to the 
phase space of the system, so that there is no 
interaction between the newly added part and the 
old one. We may therefore expect that the 
representation induced by the minimum prin- 
ciple (14) will in many cases be unique. 

We make now an application of the last 
results. The mixture index of a combination of 
two systems fulfills the inequality 


Tr(p log p)=Tr(pz log pz) +Tr(p, log py). (19) 


The case of equality follows immediately from 
(17) and (13); if (17) does not hold the inequality 
sign applies, since then 7 will be larger than its 
minimum value. We may use this relation to 
prove the quantum equivalent of Boltzmann’s 
IT theorem in a case which, although not the 
most comprehensive one, is rather general. The 
first application of Boltzmann’s method to 
quantum theory has been given by Pauli! who 
used a semiclassical method. An entirely quan- 
tum mechanical treatment is due to Klein.? He 
considers the change in time of the diagonal sum 
dpm log pm in a fixed system of reference. How- 
ever the selection of this quantity as representing 
the entropy might seem arbitrary, and we shall 
here give a slightly different presentation of 
Klein’s result. 

Let us first remark that, just as in classical 
mechanics, any representation p will in course of 
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time come back arbitrarily close to its value for 
t=0. Indeed we have in the system of reference 
in which /7 is diagonal 


Pmn(t) Pn e~ Wm—Wa) th, 


where the p»,»° are constants. After a possibly 
very long time all the exponentials will simul- 
taneously be again arbitrarily close to unity. 
Therefore, in order to obtain statements about 
irreversibility, it is, just as in classical theory, 
necessary to introduce ‘‘disorder’’ assumptions or 
an equivalent hypothesis. Now since such 
assumptions are implied in our variational 
principle, we may in many cases avoid a repeated 
introduction of them. 

We know that dy/dt=0 for any closed system. 
But this is not true for the mixture index 
referring to the projection of a statistical matrix 
upon a part system. It seems therefore appro- 
priate to use such projections in the statement 
of the H theorem, particularly since they have 
frequently an immediate physical significance. 
Let us write 7, =Tr(p, log p.), etc. We presume 
that 


(d/dt) nytnet:: -) 0, (20) 


where (x), (y), (s)--- refers to any division of 
the system in part systems. Whereas the mathe- 
matical statement can be made generally, the 
division, in order to be significant should be 
established by nonperturbing measurements. 
Since nzny:- + come after a certain long time very 
closely back to their initial values an actual 
decrease will only take place if the period is 
shorter than this. 

It will be sufficient to consider two part 
systems (x) and (y). We shall confine ourselves 
to the important special case that for t=0 the 
representation is of the form (17), » having its 


minimum value. By this we anticipate disorder 
assumptions. The equality sign holds then in 
(19) for t=0, but while the left-hand side is a 
constant of the motion, the right-hand side must 
decrease in time. This follows from the straight- 
forward fact that after some time has elapsed, 
p will no longer be a product (17) and therefore 
the inequality sign applies in (19) and conse- 
quently in (20). 

The mixture index 7 of a system is a function 
of the performed measurements (15). If we add 
new measurements to a given set of conditions 
(15), the result will in general be an increase of 7. 
There is thus no sense in saying that the mixture 
index of a system will in general decrease in time. 
We have instead to refer to the same set of 
measurements made at two successive times. 
Then the mixture index resulting from the 
second set will be smaller than that resulting 
from the first set. 

We may express our result in an alternate way. 
If by (14) we have obtained a representation of 
the system by a statistical matrix, we may cal- 
culate the representation p(t) at a later moment 
by the Schrédinger equation (11). Inserting this 
in the conditions (15), the expectation values 
@\a2:-+ become functions of the time. But under 
new values @;d2--- the previous 7 will no longer 
be the minimum mixture index. We may state 
that these expectation values change always in such 
a way that the minimum n to be calculated from 
them decreases in course of time. This is a direct 
expression of the second law of thermodynamics. 

The author is indebted to Professor F. London 
for a number of stimulating discussions which he 
had with him some time ago, and wants to 
express particular thanks to Professor J. R. 
Oppenheimer for his continued interest and most 
helpful advice and criticism. 


-ording 
idently 
1 8 and 
ivolves 
and 
re not 
lations 
) sepa- 
repre- 
, is of 
imum 
repre- 
que if 
o the 
is no 
nd the 
t the 
prin- 

> last 
ion of 
(19) 
from 
lality 
in its 
yn to 
ann’s 
t the 
The 
1 to 
who 
juan- | 
2 He 
sum 
iting 
shall 
n of 
sical 
se of 


NOVEMBER 1, 1937 


PHYSICAL REVIEW 


VOLUME 52 


On the Relation of Proton-Deuteron to Neutron-Deuteron Scattering 


H. PRIMAKOFF 
Department of Physics, New York University, University Heights, New York, N. Y. 


(Received September 15, 1937) 


It is shown that the scattering cross section per unit solid angle at large scattering angles, 
found by Tuve in his experiments on the collisions of 0.83 Mev protons with deuterons, is so 
much greater than the Rutherford cross section, that it cannot be solely due to scattering of 
s protons, by the nuclear forces. It follows that the scattering observed by Tuve is resonance 
scattering of protons of orbital angular momenta (relative to the deuterons) greater than zero. 
Due to the symmetry of nuclear forces in protons and neutrons, a similar resonance scattering 
of 0.83 Mev neutrons incident on deuterons is to be expected. The total cross section for this 
neutron-deuteron resonance scattering should be between 20 X 10-*4 and 40 X 10-¥ cm’. 


HE equality of the specific nuclear forces 
between like and unlike elementary heavy 
particles! leads to a simple relationship between 
proton-deuteron and neutron-deuteron scatter- 
ing.” In certain limiting cases, it is even possible 
to see what this relationship is, without any cal- 
culation: thus, if proton energy and scattering 
angle are so great, that the classical distance of 
approach of proton to deuteron is less than the 
extension of the nuclear forces, then the Coulomb 
force is negligible compared to the nuclear forces, 
and the proton-deuteron and neutron-deuteron 
scattering cross sections are just equal. In the 
general case, as well, it is possible, from a 
knowledge of the angular dependence and mag- 
nitude at a given energy, of one of the cross 
sections, to draw conclusions about the angular 
dependence, and magnitude at the same energy, 
of the other. Now experimental data for the 
cross section per unit solid angle (per u.s.a.) of 
0.83 Mev protons on deuterons, have been given 
by Tuve, Heydenburg and Hafstad,’ and it is 
our purpose here, to compare Tuve’s results, with 
the cross section per u.s.a., of 0.83 Mev protons 
on deuterons which we calculate, using the rela- 
tionship between proton-deuteron and neutron- 
deuteron scattering discussed above, and taking 


1 Breit, Condon and Present, Phys. Rev. 50, 825 (1936); 
Breit and Feenberg, Phys. Rev. 50, 850 (1936). 

2 The above-mentioned equality of the nuclear forces, 
is the cause of other characteristic phenomena, among 
which may be mentioned the approximate equality of the 
binding energies of H® and He’; cf., for instance, Present 
and Rarita, Phys. Rev. 51, 788 (1937); the approximate 
equality of the yields of protons and neutrons in the D? 
on D? reaction; cf discussion by Johnson, Phys. Rev. 51, 
799 (1937). 

’Tuve, Heydenburg and Hafstad, Phys. Rev. 50, 806 
(1936), Fig. 13. 


the cross section per u.s.a. of 0.83 Mev neutrons 
on deuterons, from a theoretical curve of Schiff’s.4 

Schiff gives the variation of the neutron- 
deuteron cross section, with energy, from zero to 
3 Mev, assuming an angular dependence, spheric- 
ally symmetric in the center of gravity system. 
His curve shows that the cross section decreases 
monotonically as the energy increases; further, 
that above a neutron energy 0.75 Mev, “ex- 
change”’ scattering (scattering in which the 
incident neutron changes places with the initially 
bound neutron which is then observed), is unim- 
portant. Thus Schiff’s calculations indicate that 
for energies =0.83 Mev, and greater, the effective 
neutron-deuteron interaction may be represented 
by a space-varying potential. Schiff’s theoretical 
cross section exceeds Dunning’s experimental 
one,® by 25 percent at 2.5 Mev and by a factor 
of 2 or 3 at thermal energies. No experimental 
results for 0.83 Mev neutrons are available, and 
so, for this energy, we take for the cross section 
per u.s.a., Schiff’s theoretical value namely: 
1/44 X2.6X10-*4 

Using the ‘‘one-body”’ theory’ formula for the 
proton-deuteron cross section per u.s.a. : ¢p—a(#), 
supplemented by the equality of the proton and 

* Schiff, Phys. Rev. 52, 149 (1937) especially Fig. 2. 
Schiff’s treatment neglects polarization of the deuteron by 
the neutron, and the possible effect of the formation of 
an intermediate three-body system with an energy equal 
to that of any one of the excited states of H® (resonance). 

5 Bethe, Rev. Mod. Phys. 9, 69 (1937) estimates (P. 180) 
that the spherical symmetry should be valid up to 2 Mev. 

6 Dunning, Pegram, Fink and Mitchel!, Phys. Rev. 48, 
265 (1935). 

7 Since capture and inelastic scattering of the proton 
are both small, and an effective proton-deuteron potential 
appears to exist, the ‘‘one-body”’ theory should not be too 


incorrect. Cf Bethe, reference 5, §73. Our Eq. (1) is 
Bethe’s Eq. (636). 
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neutron phase-shifts* (6,2-¢ = 6,"-¢ = 6,), demanded by the symmetry of the nuclear forces 


in like and unlike particles, we have: 


e 


= 


2M?v? sin? 33 


e? ) 
+| 
sin? 33 sin? 33 Mv 


v 


Here # is the proton’s scattering angle in the 
center of gravity system; v is the proton’s 
velocity in the laboratory system; M=2/3 
Xproton mass, is the reduced mass; 7; is the 
phase shift introduced by the Coulomb field; 
(see Bethe, reference 5, Eqs. (613b), (612c)) 
a=e*/hv; the first bracket=crun.(8) is the 
Rutherford-Coulomb cross section; the second 
bracket =cintr.(8) is due to interference between 
Coulomb and nuclear scattering; the third 
bracket =c,_a(?) is just the neutron-deuteron 
cross section per u.s.a., since ai and thus 

Now, if the neutron-deuteron cross section is 
spherically symmetric, only 69 is appreciable. 
Moreover, in this case, using Schiff's value for 
o,-4(0) we can determine sin 69 and thus cal- 
culate oints.(8) and finally 

Our results are given in Table I, which indi- 


§ This has been pointed out by Bethe, reference 5, §74B. 


h 
log sin? > (27+1) P (cos d) 
vil 


h 
— (21+1) sin 6; cos (6: +29:—2n0+e log sin? 48) P;(cos »| 


h 2 
+ p (27+-1)(2/’+1) sin 6; sin cos (6: — Pi(cos 3) (cos | 


= TRuth. (0) +o inet. (8) +on-a(d). (1) 


cates that at large angles, the observed proton- 
deuteron cross section, far exceeds the calculated 
one. Further, the observed o,_,(#) for large #, 
which is of the order: 


Ga) LX (2! +1) sin sin dy 
iv 


v 


Xcos 3) Py (cos #) 


is so great, that it cannot be due to s scattering 
alone. For, even if we assume s resonance (i.e. 
sin? 6,=0, if 1>0; sin? 65=1, and not 0.39, the 
value previously obtained from Schiff’s neutron- 
deuteron cross section), then 
TRuth, (9) calculated 
is only multiplied by 2.5, whereas at ?=150°, a 
factor =35 is required for agreement with Tuve’s 
data. Nor can the use of the “many body”’ theory 
help, for it will merely lead, in the case of reso- 
nance scattering, to the same formula as the 


TABLE I. Comparison of observed and calculated proton-deuteron cross sections (per u.s.@). 


) 

calculated *Ruth.) | observed 

X10® (8) X10% X10 from eq. (1) by Tuve 
126° 150° 0.43 4.8 21.0 61 2275 
90 120 0.70 6.0 21.0 40 _ 124 
80 110 0.82 6.7 21.0 35 70 
75 104 1.02 7.3 21.0 29 23 
70 98 1.22 8.0 21.0 25 18 
65 92 1.48 8.8 21.0 21 15 
60 86 1.81 9.7 21.0 18 15 
40 59 6.60 18.5 21.0 7 8 
30 45 18.7 31.3 21.0 4 5 
20 30 86.6 67.0 21.0 2 2 


1 @ is the scattering angle in the laboratory system. 
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“one-body”’ theory with the exception that 
sin? 69 is replaced by® 


2J+1 
(= (2i+1)(2s+1)’ 


a quantity always less than unity. Thus it 
appears necessary, if we are to explain Tuve’s 
results, to invoke resonance scattering” of p 
protons of energy 0.83 Mev, due to a level of 
the intermediate He* nucleus at an excitation 
energy <6 Mev. 

Further, if we wish to retain even approxi- 
mately, the symmetry of nuclear forces in like 
and unlike particles, then, since with this as- 
sumption: for large it 
follows that there should exist a resonance 
scattering of » neutrons of energy 0.83 Mev, 
incident on deuterons, and due to an excited 
level of the intermediate H* nucleus. The re- 
sultant total cross section should be about 25/3 
times that given by Schiff, i.e. a total cross 
section cm? =20 X 10-*4 cm?. 
It would be interesting to search for this experi- 
mentally. Again, Schiff’s neutron-deuteron cross 
section due to s scattering alone, agrees with 
experiment at energies =2.5 Mev," thus, we 
would expect (since at large 3, 
a cross section per u.s.a., for 2.5 Mev protons and 
large 3, which is 


((h/ Mv) sin 69)? 


X = 160 X crutn. (2). 


Note 1. The assumption of p resonance scattering (i.e. 
sin? sin? dsin? for the 0.83 Mev 
protons, leads to a cross section per u.s.a., which at large J, 
is about } of that observed by Tuve; the assumption of 

a 


*Cf. Bethe, reference 5, Eq. (625). J is the angular 
momentum of the resonance level; 2, s, the spins of the 
deuteron and proton; I'p’, IY the proton and total widths 
of the resonance level. 

For p resonance scattering, we have in the one-body 
theory: sin? 6:1; in the many body theory: !'p’=I’. 

"Tt follows from this, that the resonance level of H', 
if it exists, cannot have a width more than 2 Mev. How- 
ever, it is probably much narrower. 


d resonance scattering (i.e. sin? 21; sin® doSsin? 4, 
Ssin*? 5;=---0) to a cross section } that observed by 
Tuve. This is seen as follows. We have: 


oRuth.(9) = 20.4 10-2 cm? 


2 Mv 
h 
{op_a(d) } P (2 1)? sin? cos? 3 


255 X X 1X 1 cm*=2500 X cm? 
21250 Xorutn. (9) 


2 
{op_a(d) ha —) (2X2+1)? sin? 


X cos? 3)?==55 10-7 K 25 X1 X1 cm? 
1375 X 10-** cm?=3400 X oRuth, (3) 


{op_a(d) observed by Tuve=2300 X oRuth. 


Further, if we assume sin? 6,1; sin® 59 appreciable; 
other phases=0, then the resulting cross section will be 
less than the one calculated above, on the assumption of 
sin? 6:21; sin? 59.20, because of the destructive interference, 
at large angles, of the scattered s and p waves. Thus if 
Tuve’s experimental data is correct to within a factor of 2, 
even p resonance is not quite sufficient. However as 
pointed out to me, by Professor Breit, the protons scattered 
at large angles were observed only indirectly through the 
recoil deuterons, and there is therefore some chance of a 
large error in the experiments. 

Note 2. Through the kindness of Professors Mitchell and 
Oppenheimer, a paper by Yukawa and Sakata (Proc. 
Phys. Math. Soc. Jap.; June 1937) on neutron-deuteron 
scattering, has been brought to my attention. These 
authors show that upon taking the breadth of the neutron- 
deuteron effective potential well as 4.5 10~' cm, with a 
correspondingly suitable depth, there appears a resonance 
scattering of p neutrons of energy=0.7 Mev and due toa 
P level of the intermediate H*. The magnitude of their 
total cross section at resonance is=10X 10-4 cm?, which 
may be compared with the cross section of magnitude 
=) 500 X cm?=20 X cm? obtained by as- 
suming complete p resonance, at this energy (i.e. sin? 6; =1; 
sin? 6) =0; sin? 6.=0, etc.), and with the cross section of 
magnitude=40 X cm?, to be expected from Tuve’s 
proton scattering data, and the symmetry of the nuclear 
forces in protons and neutrons. Except for this resonance, 
the variation of their cross section with energy, as well as 
its absolute magnitude, is approximately like that of 
Schiff, who, it seems, missed predicting the resonance by 
choosing his effective neutron-deuteron potential well too 
narrow. 

In conclusion, I think it is therefore not too unlikely to 
suppose that there is some sort of resonance scattering 
for protons and neutrons of energies=0.8 Mev, incident 
on deuterons, even if Tuve’s results are somewhat in error. 


Ssin? 


tuth. (8) 


tuth, (8) 
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New Evidence for the Existence of a Particle of Mass 
Intermediate Between the Proton and Electron 


Anderson and Neddermyer' have shown that, for energies 
up to 300 and 400 Mev, the cosmic-ray shower particles 
have energy losses in lead plates corresponding to those 
predicted by theory for electrons. Recent studies of range? 
and energy loss® indicate that the singly occurring cosmic- 
ray corpuscles, even in the energy range below 400 Mev, 
are more penetrating than shower particles of correspond- 
ing magnetic deflection. Thus the natural assumptions 
have been expressed: the shower particles are electrons, 
the theory describing their energy losses is satisfactory, 
and the singly occurring particles are not electrons. The 
experiments cited above have shown from consideration 
of the specific ionization that the penetrating rays are not 
protons. The suggestion has been made that they are 
particles of electronic charge, and of mass intermediate 


O7 


= 


4 


Fic. 1. Geometrical arrangement of apparatus. 


between those of the proton and electron. If this is true, 
it should be possible to distinguish clearly such a particle 
from an electron or proton by observing its track density 
and magnetic deflection near the end of its range, although 
it is to be expected that the fraction of the total range in 
which the distinction can be made is very small. To 
examine this possibility experimentally we have used the 
arrangement of apparatus of Fig. 1. The three-counter 
telescope consisting of tubes 1, 2, and 3 and a lead filter 
L for removing shower particles, selects penetrating rays 
directed toward the cloud chamber C which is in a magnetic 
field of 3500 gauss. The type of track desired is one so 
near the end of its range as it enters the chamber that 
there is no chance of emergence below. In order to reduce 
the number of photographs of high energy particles, the 
tube group 4 was used as a cut-off counter with a circuit 
so arranged that the chamber would be set off only in 
those cases when a coincident discharge of counters 1, 2, 
and 3 was unaccompanied by a discharge of 4. The tripping 
of the cloud chamber valve was delayed about one sec. to 
facilitate determination of the drop count along a track. 
Because of geometrical imperfections of the arrangement 
and of counter inefficiency the cut-off circuit prevented 


Fic. 2. Track A. 
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Fic. 3. Track B. 


Fic. 4. Photograph of the track of a penetrating particle of high 
energy for comparison with A and B. 


expansion for only { of the discharges of the telescope. 
At the present time 1000 photos have been taken (equiva- 
lent to 4000 if the cut-off counter had not been used), 
Two tracks of interest, in that they have ionization 
densities definitely greater than usual, have been obtained: 
one A (see Fig. 2) is believed due to a proton and the 
other B (see Fig. 3) to a particle of mass approximately 
130 times the rest mass of an electron. Track A which 
terminated in the lead strip at the center of the chamber 
exhibited an ionization density 2.4 times as great as the 
usual thin tracks and an //p value approximately 2x 106 
gauss cm in a direction to indicate a positive particle. 
Track B which passed out of the lighted region above the 
lead plate had an ionization density about six times as 
great as normal thin tracks (the ion density was too great 
to permit an accurate ion count) and an J//p value of 
9.6 X 10 gauss cm. If it is assumed, as seems reasonable, 
that the particle entered from above, the sign is negative. 
If it is taken that the ionization density varies inversely 
as the velocity squared, the rest mass of the particle in 
question is found to be approximately 130 times the rest 
mass of the electron. Because of uncertainty in the ion 
count this determination has a probable error of some 
25 percent. In any case it does not seem possible to explain 
this track as due to a proton traveling up, for the observed 
Hp value would indicate a proton of 4.4X10° electron 
volts energy and therefore with a range of approximately 
one cm in the chamber. The track is clearly visible for 
7 cm in the chamber. 

The only possible objection to the conclusions reached 
above is that the bending of track A is largely due to 
distortion, but this is very unlikely, for the deflection is 
quite uniform and has a maximum value greater than ten 
times any distortions usually encountered in the thin 
tracks of high energy particles. 

J. C. STREET 


E. C. STEVENSON 


Research Laboratory of Physics, 
Harvard University, 

Cambridge, Massachusetts, 
October 6, 1937. 


1 Anderson and Neddermeyer, Phys. Rev. 50, 263 (1936). 
2 Street and Stevenson, Phys. Rev. 51, 1005 (1937). 
3 Neddermeyer and Anderson, Phys. Rev. 51, 885 (1937). 


Variation of Initial Permeability with Direction in Single 
Crystals of Silicon-Iron 

Magnetic measurements at flux densities ranging from 
about 5 to 100 gauss have been made on single crystals of 
3.85 percent silicon iron, in the crystallographic directions 
[100], [110] and [111]. Up to this time no data have been 
reported on the magnetic properties of single crystals at 
such low flux densities and it has generally been assumed 
that single crystals are magnetically isotropic at these flux 
densities. 

Large crystals were produced in an atmosphere of pure 
hydrogen by melting silicon iron and permitting it to cool 
very slowly through the freezing point.' Three specimens 
were cut in the form of hollow parallelograms. Each 
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specimen had its sides parallel to either the tetragonal, 
digonal or trigonal axes. Such specimens permit the 
accurate determination of the magnetic properties at low 
flux densities because they form closed magnetic circuits 
(no demagnetizing factor) and so can be wound with 
primary and secondary windings and tested with a flux- 
meter. The specimens were annealed together for six hours 
at 1300°C in an atmosphere of pure hydrogen. The furnace 
was shut off above the nonmagnetic point to prevent 
magnetizing the specimen by the field due to the furnace 
windings, and precautions were taken to prevent them 
from being magnetized by any other strong field. After 
winding with primary and secondary windings they were 
placed inside of a number of concentric closed cylinders of 
permalloy to shield them from the earth’s magnetic field. 

The permeability (u) vs. flux density (B) curves for the 
three specimens are shown in Fig. 1. Extrapolation of 
these curves to a zero value of B gives initial permeabilities 
for the [100], [110] and [111] specimens of about 6000, 
3100 and 1900, respectively. These initial permeabilities 
are approximately in the ratio of 6:3:2 predicted by 
Bozorth? as a result of a simple analysis. He assumes that 
when H is applied, for example along the [110] direction, 
the component of H along [100] will produce a mag- 
netization in that direction given by the [100] mag- 
netization curve; the projection of this value on the 


110) 
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Fic. 1. Initial part of the permeability vs. B curves for the [100], 
110) and [111] directions of single crystals of 3.85 percent silicon-iron. 


he arrows show initial permeabilities having ratios of 6: 3:2 as 
predicted by Bozorth. 


direction of the applied H gives the required magnetization 
in the latter direction. 

This analysis neglects the mutual magnetic effects be- 
tween domains, which may be negligible in the limit as B 
approaches zero, but prevent the simple theory from 
explaining in more than a qualitative way the data! for 
intermediate flux densities. 


H. J. WILLIAMs 


Bell Telephone Laboratories, Inc., 
New York, N. Y. 
October 14, 1937. 


1H. J). Williams, Phys. Rev. 52, 747 (1937). 
2 Bozorth, J. App. Phys. 8, 575 (1937). 
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